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In this paper, we consider two coupled abstract linear evolution equations with
one infinite memory acting on the first equation. Our work is motivated by
the recent results of [42], where the authors considered the case of two wave
equations with one convolution kernel converging exponentially to zero at infinity,
and proved the lack of exponential decay. On the other hand, the authors of
[42] proved that the solutions decay polynomially at infinity with a decay rate
depending on the regularity of the initial data. Under a boundedness condition
on the past history data, we prove that the stability of our abstract system holds
for convolution kernels having much weaker decay rates than the exponential
one. The general and precise decay estimate of solution we obtain depends on
the growth of the convolution kernel at infinity, the regularity of the initial data,
and the connection between the operators describing the considered equations.
We also present various applications to some distributed coupled systems such
as wave-wave, Petrovsky-Petrovsky, wave-Petrovsky, and elasticity-elasticity.

Keywords: well-posedness; asymptotic behavior; memory; coupled evolution
equations; semigroups theory; energy method

AMS Subject Classifications: 35L.05; 35L15; 35L70; 93D15

1. Introduction

The aim of this paper is the study of the well-posedness and asymptotic behavior when time
goes to infinity of solutions of the following coupled system of two linear abstract evolution
equations of second-order with one infinite memory acting only on the first equation:

+00
u;(t) + Au(t) — / g(s)Bu(t — s)ds + Ev(t) =0, Vt>0,
- J0
v (t) + Av(t) + Bu(t) =0, vt > 0,

(1.1)
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with initial conditions

{u(—t) =uo(t), VteRy, (1.2)

v(0) =vo, u(0)=ur, v,0)=vy,

where A : D(A) - H,A: D(A) - H,and B : D(B) — H are self-adjoint linear
positive definite operators with domains D(A) C D(B) C H and D(A) C H such that the
embeddings are dense and compact, B : H — H is a self-adjoint linear bounded operator,
H is a real Hilbert space with inner product and a corresponding norm denoted by (-, -)
and || - ||, respectively, and the convolution kernel g : R4 — Ry is a given function. The
unknown (u, v) : Ry — H x H is the state of the system (1.1) and (1.2) corresponding to
the initial data (uq, vo, u1, v1). The infinite integral in the first equation of (1.1) represents
the infinite memory term which plays solely the role of dissipation for the whole system
(1.1) and (1.2). The subscript ¢ as well as’ denote the derivative with respect to 7. The partial
derivative with respect to a variable y is noted 0y.

Equation (1.1) can describe the dynamics of linear viscoelastic solids, a generalized
Kirchhoff viscoelastic beam with memory and systems governing the longitudinal motion
of a viscoelastic configuration obeying a nonlinear Boltzmann’s model; see, for example,
[1-3], and [4] for more details concerning the physical phenomena which are modeled by
differential equations with memory.

The problem of well-posedness and stability of (1.1) and (1.2) has attracted considerable
attention in recent years and an important amount of research has been devoted in this
direction, where diverse types of dissipative mechanisms have been introduced and several
stability results have been obtained. The main objective concerning the stability in the
presence of memory is determining the largest class of kernels g which guarantee the
stability and the best relation between the decay rate of g and the asymptotic behavior of
solutions of the considered system. Let us recall here some known results in this direction
related to our goal in this paper (further results can be found in the list of references below,
which is not exhaustive, and the references therein).

(A) The uncoupled case Inthe uncoupled case: B = 0, itis well known that the second
equation of (1.1):

v () + Av(t) =0, Vi>0 (1.3)

is well-posed and it is a conservative equation; that is, the energy of (1.3) defined by
1 2 is 2
E,0) = 5 (lu®I? + 1A7001?). Vi Ry (1.4)

(under some assumptions on A) is a constant function: E,(t) = E,(0), for all 1 € Ry,
which means that E, is conserved and equal to the initial energy along the trajectory of v.
Concerning the first equation of (1.1) with B = 0:

+00
u (1) + Au(t) —/ g(s)Bu(t — s)ds =0, Vit >0, (1.5)
0

a large amount of literature is available for this model, addressing problems of the exis-
tence, uniqueness, and asymptotic behavior in time (see [2,3,5-11] and the references cited
therein). The nonlinear one-dimensional viscoelastic wave equation has been investigated
in [6], where it was showed that the energy of solution tends to zero asymptotically under the
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Dirichlet boundary conditions, but no decay rate was given in [6]. Under some restrictions
on A and B, and the condition
381, 82 > 0:—8g(s) < g'(s) < —81g(s), VseR,, (1.6)

the exponential decay of solutions of (1.5) (in various contexts and using different
approaches) was obtained in [2,7,9], and [10]; that is, the energy of (1.5) defined by (under
some assumptions on A, B and g)

1 1 +0o0 1
Eu() =5 (uu,(r)n2 + I AZu()|* — (/0 g(s)ds> ||Bzu(r)||2)

1 +oo 1 5
+§ gIB2(u(t) —u(t—s)|°ds, VteRy (L.7)
0
satisfies
IM, m>0:E,(t)<Me™, VteR,. (1.8)

In [5], it was proved that the weaker condition
38 >1, 36 >0:g(+s) <8e g(s), VieRy, forae.seRy (1.9

is necessary for (1.5) to be exponentially stable. Condition (1.9) implies that g converges
exponentially to zero at infinity but it does not involve the derivative of g, which allows g
to have horizontal inflection points or even flat zones; that is

{s eR, : g(s) >0andg'(s) = 0} # 0.

In the particular case of the wave equation, it was proved in [11] that the exponential
stability (1.8) holds if and only if g satisfies (1.9) and the set {s € Ry : g’(s) < 0} has
positive Lebesgue measure. Equation (1.5) with B = A%, o € [0, 1[ and g satisfies (1.6)
was considered in [3], where the authors proved that, for large ¢,

Inzyrss
IM > 0: E,(t) < M(T) Int,

and the decay rate is optimal in the sense that tﬁ cannot be improved. The question
concerning the stability of (1.5) with g having a general growth at infinity was considered
in [8], where general decay estimates on E, depending on g were established under some
restrictions on A and B, and the condition (3.7) below, which implies that

{(seRy:g(s)>0andg'(s) =0} =0

but it is much weaker than (1.6) because it allows a much larger class of kernels g, where
the decay rate of g at infinity can be arbitrary close to %; see Section 3.2 below, and the
examples given in [8,12] and [13]. On the other hand, the results of [8] improve, in some
particular cases, many results in the literature by obtaining a stronger and precise decay rate
of E,, and the approach of [8] can be applied to many other systems with infinite memory;
see [8,12] and [13]. )

400
When the infinite integral / is replaced by the finite one / , (1.5) takes the form
0 0

t

u; (1) + Au(t) — / g(s)Bu(t —s)ds =0, Vt>0 (1.10)
0
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whose stability issue has received considerable attention and there is now a large literature
on this subject, where various decay estimates were obtained depending on the growth of
g at infinity. For the viscoelastic equation, a new approach was introduced and developed
in [14] and [15] to get a general estimate of stability for kernels satisfying

g'(s) < —£()g(s), Vs eRy, (1.11)

where £ is a positive and nonincreasing function. Later, the approach of [14] and [15] has
been applied in [16] for the Timoshenko systems with finite memory and equal speeds
of wave propagation, in [17] for the Timoshenko systems with infinite memory, in [18]
for a nonlinear system of viscoelastic wave equations with source terms, and in [19] for
an abstract system with infinite memory. The decay results in [16-18] and [19] improve
earlier ones in the literature in which only the exponential and polynomial decay rates were
obtained under the following stronger condition than (1.11):

3
35 >0, 3dpell, E[: g'(s) < —8gP(s), VseRy; (1.12)

see, for example, [20] and [21] in case of exponential stability under (1.12) with p = 1, and
[22,23], and [24] in case of polynomial stability under (1.12) with 1 < p < % The case
of Timoshenko systems with finite memory and different speeds of wave propagation was

studied in [25] for kernels satisfying
g'(s) < —£()gP(s), Vs eRy, (1.13)

where £ is a positive and nonincreasing function and p > 1. We mention also the recent
results in [26] and [27], where general and sufficient conditions under which the solution
of (1.10) converges to zero at least as fast as the kernel at infinity were given by assuming
the following condition:

g'(s) < —H(g(s)), VseRy, (1.14)

where H is a nonnegative function satisfying some hypotheses. The general relations
between the decay rate of the energy and that of g obtained in [26] and [27] hold without
imposing restrictive assumptions on the behavior of g at infinity.

In case of wave equations, an approach based on the integral condition

+00
gt —s)> ,u(t)/ gt —s)dr, VteRy, Vs e]0,r1], (1.15)
t

where u is a positive function, was introduced and developed in [28-35] for (1.10). This
approach allows to deal with some arbitrary decaying kernels without assuming explicit
conditions on their derivative.

(B) The coupled case In the coupled case: B # 0, the stability of (1.1) and (1.2) is
more complicated since only the first equation in (1.1) is directly controlled by an infinite
memory. The first and principal question which can be asked here is the following: is
it possible for the unique memory term considered only on the first equation in (1.1) to
stabilize the whole system (1.1) and (1.2), where the second equation in (1.1) is partially
and indirectly controlled via the behavior of the first one and the coupling operator B, and
in a such case, what is the relation between, in particular, the growth of g at infinity and the
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Qecay rate of the energy of (1.1) and (1.2) defined by (under some assumptions on A, A, B,
B and g)

1 -
E@®) = 3(lu 1 + 101 + 1AZu@) + 1A2v(0)]1% — gollBZu(®)]?)

~ 1 [+ 1
+ <Bu(t), v(t)> + 5/0 g IB2(u(t) —u(t — s))||2ds, Vi e Ry, (1.16)

+0oo
where go = g(s)ds? The concept of indirect stability for coupled systems was
introduced, as Par as we know, in [36], where the controlled equation plays the role of
stabilizer for the second one via the coupling terms. See [37] for further related stability
results for coupled systems.
When the infinite memory term in (1.1) is replaced by the frictional damping Bu;, and
B = ald, where Id is the identity operator and & € R* , it has been proved in [38] that

{ uy () + Au(t) + Buy(t) + av(t) =0, Vi >0, (1.17)

v (1) + Av(t) + au(r) = 0, Vi >0

is not exponentially stable and the asymptotic behavior of solutions is at least of polynomial
type with decay rates depending on the smoothness of initial data. The results of [38]
show that if the solution of (1.17) satisfies any stability estimate, then such an estimate
is necessarily weaker than the exponential one. The method introduced and developed in
[38] is based on a general estimate on the asymptotic behavior of solutions in terms of
higher order initial energies. Some extensions of the results of [38] to the nonlinear and
nondissipative cases are given in [39] and [40] in the particular case of coupled wave
equations. Recently, the stability of (1.17) was considered in [41] in the particular case
of coupled Euler—Bernoulli and wave equations, and with clamped boundary conditions
for the Euler—Bernoulli equation. The decay estimates obtained in [41] are of polynomial
type with decay rates weaker than the ones obtained in [38], but the abstract framework
introduced in [38] does not include the case considered in [41], since the condition

3jeN and j>2:D(A%) c D) (1.18)

under which the results of [38] hold is not satisfied due to the clamped boundary conditions
for the Euler—Bernoulli equation. See also the references of [38—40], and [41] for further
existing results related to the stability of (1.17).

Concerning the problem of stability of (1.1) and (1.2), there are very few results in
literature and, as far as we know, the unique results in this direction are the recent ones
obtained in [42] in the particular case of wave equations:

+00

uy(t) — Au(t) + / g()Au(t — s)ds +av(t) =0, Vit >0, (1.19)
0 .
v (1) — Av(t) +au(t) =0, Vi>0

with Dirichlet boundary conditions. More precisely, the lack of exponential stability for
(1.19) was proved and a polynomial decay estimate, similar to the one of [38], was obtained
under the condition (1.6) and

383 >0:  |g"(s)] < —83g(s), VseRy. (1.20)
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In fact, the conditions (1.6) and (1.20) are too restrictive and they imply that, in particular,
g converges exponentially to zero at infinity.
Our objectives in this paper are the following:

(1) Well-posedness (Section 2) Following a method devised in the pioneering paper
[6] to treat the memory term by considering a new auxiliary variable, we first formulate the
system (1.1) and (1.2) in an abstract linear first-order system. Then, using the semigroups
approach (see [43,44] and [45]), we prove the global existence, uniqueness, and smoothness
of solutions of (1.1) and (1.2), where the regularity of the solution (u, v) depends on the
one of the initial data (uq, vg, U1, vy).

(2) Stability (Section 3) Our second and main objective is proving that the stability
of (1.1) and (1.2) holds for the much wider class of g satisfying assumption (A8) below.
We give the decay rate of solutions of (1.1) and (1.2) explicitly in terms of the growth of
g at infinity, the arbitrary regularity of the initial data (u¢, vo, u1, v1), and the connection
between the operators A, A, and B. This will generalize and improve several results in the
literature, such as the ones of [42] in which only the case of (1.19) was considered under

the much more restrictive conditions (1.6) and (1.20).

(3) Applications (Section 4) The abstract system (1.1) and (1.2) includes various
coupled systems with only one infinite memory, where the well-posedness and stability
results of Sections 2 and 3 hold. To illustrate this fact, we present the examples of wave-
wave, Petrovsky-Petrovsky, wave-Petrovsky, and elasticity-elasticity systems.

2. Well-posedness

We state in this section some assumptions on A, A, B, B,and g, and give a brief proof of
the global existence, uniqueness, and smoothness of solutions of (1.1) and (1.2). We assume
that

(A1) There exist positive constants ag and a; satisfying

D(A) C D(B) and ay|w|? < | BZw|? < agllAZw|?  Yw e D(A?).

2.1
(A2) There exists a positive constant a; satisfying
allwl? < 1A2w|?,  vw e D(A?). 22)
(A3) The kernel g is of class C'(R,) N L' (R,), nonincreasing and satisfies
+00 1
£0 :=/ g(s)ds < —. 2.3)
0 ag
Moreover, there exists a positive constant §y such that
—g'(s) < bog(s), Vs eRy. (2.4)

(A4) There exists a positive constant by satisfying

|Bw|?> < bi|lw|®>, VYwe H 2.5)
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——
by < | G@ — dogo) 2.6)
ao

(1) In Section 4, various applications will be presented with specific operators A, A,
B, and B satisfying hypotheses (A1), (A2), and (A4) as well as the additional ones
(A5)—(A7) considered in Section 3 to get the stability of (1.1) and (1.2).

(2) Condition (2.4) implies that

and

Remark 2.1

g(s) > g(0)e™® Vs e Ry, 2.7

which means that the asymptotic behavior of g is at most of exponential type.
Then, hypothesis (A3) includes a very wide class of functions, which can converge
exponentially to zero at infinity like g(s) = p1e™ 7% (p1, g1 > 0) or at a slower
rate like go(s) = and g3(s) = p3e BWU+NZ (hy p3 g3 > 0 and
q2, r3 > 1).

P2
(14s5)92

Following a method devised in [6] to treat the memory term by considering a new
auxiliary variable n, we will formulate the system (1.1) and (1.2) in the following abstract
linear first-order system:

U (t) =AU (), Vt>0,
{@/(0) - U, (2.8)
Where % = (l/l, v, Ug, Vt, U)T, %0 = (u0(0)5 vo, U1, V1, nO)T € ’}f’
A = D(A?) x D(A%) x H x H x L>(Ry, D(B?)),
2 1 1 oo 1 )
Lg(R+, D(B2)) = jw: Ry — D(B2), / g®)|IB2w(s)]|“ds < o0t ,
0
n(t,s) =u) —ul —-s), Vi, s € Ry, 2.9)
no(s) = n(0,5) = uo(0) — uo(s), Vs € Ry :
and &7 is a linear operator given by
w3
w1 wy
wro +oo »
gl ws | =| A+ gBw —/ g(s)Bws(s)ds — Bwy (2.10)
w4 0 -
ws —Awy — Bw;

—0sws + w3
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with domain (/) given by

D(A)
B W = (wi, :v27 w3, wa, ws)’ € A, dyws € L§J(rﬂi+, D(B?)), ws € D(A?),
w3 € D(A?), wy € D(A), (A — goB)w; +/ g(s)Bws(s)ds € H, ws(0) =0
’ 2.11)
We use the classical notations 2(7°) = 7, 2(#') = (/) and
"™ =W e D) : AW € D™}, n=1,2,-

The spaces L§ R4, D(B 3 )) and % are endowed with the inner products

+00 1 {
, - B2 B2 >
i = [ 8@ (B, Blus)as
and

T ,~ o~ o~ o~ T
<(w1,w2, w3, W4, W5)*, (W1, W2, W3, W4, W5) >ﬁg
1

= <A%w1, Aiﬁ)l) - g0<B%w1, B%ID1>
+ <A%w2, A~%ﬁ)2> + <1§w2, 17)1> + <1§w1, 1172)

+ (w3, w3) + (wq, wq) + (ws, wS)Lé(RJr,D(B%)) .

Note that, from (2.3) and (2.6), one can choose € €] Z—}, %[ and, consequently,
€ob b
min{l —apgo — M, 11— —1} > 0.
al €oal

Then, thanks to (2.1), (2.2) and](2.5) and tPe Cauchy-Schwarz and Young’s inequalities, we
have, for any (w;, wy) € D(A?2) x D(Af),

1 ~ - 1
—goll BTwn |+ (Bua, wi) + (Bui, ws) = —aogoll A2 w12 = 2v/br w1z

v

1 b
- 2 1 2
—apgollA2w||” — bregflwr || ——€O||w2||

A%

eobiag 1 by -1
- (aogo + —) JAZwy||> — —[|A2ws].
ap €0d1

Therefore, for ¢y := min Hl — apgo — GOZ—'I“", 1- 6'3—61”},

1 ~1 1 1 ~1
co (I1A2w1 P + A2 wal?) < 47w ]2 = goll B2wi|? + | A2ws?
n <1§w2, w1> n (Ewl, w2>. (2.12)

Consequently, 5# endowed with the inner product (-, -) ,» is a Hilbert space and Z(<7) C
2 with dense embedding.
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Now, keeping (2.9) in mind, we find

on(t,s) + osn(t,s) =u;(t), Vt,seRy,
n(t, 0) =0, vVt e R;.

Therefore, we deduce from (2.10) and (2.13) that (1.1) and (1.2) is equivalent to (2.8), where
the well-posedness is ensured by the following theorem:

(2.13)

TuEOREM 2.2 Assume that (A1)—(A4) hold. Then, for any n € N and %y € 2(™"), the
system (2.8) has a unique solution

U € Ni_oC* (Re, 27" 7H)). 2.14)

Proof By proving that the operator —.¢7 is maximal monotone, Theorem 2.2 is a conse-
quence of the semigroups theory (see [43] and [45]). So, forany W = (w1, w2, w3, w4, ws)
€ 9(4), we have

(AW, W) p = <A%w3, A%w1> — 80 (B%w3, B%w1> + <A%w4, A%w2>
+ <1§w4, w1> + <E’w3, w2> + <—Aw2 — Ewl, w4>
+00 5
+ <(—A + g0B)w) — f 2(s) Bws(s)ds — B, w3>
0
(

+ (—0sws + w3, ws) (2.15)

1 .
LZ(R4,D(B2))

It is clear that by the definitions of A%, A% and B%, and the fact that H is a real Hilbert
space,

and

—+00
<—/0 g(s)Bws(s)ds, w3> = — (w3, ws)

Lg,(RJr,D(B%)) ’

On the other hand, integrating by parts and using the fact that lim_, 4 g(s)B% ws(s) =0
(due to (A3)) and ws(0) = 0 (definition of Z()), we find

d 1 [+
<—ﬂ,ws> o= / ()| BZws(s)[%ds.
ds L2(Ry.D(B2)) 2 Jo

Consequently, inserting these four equalities in (2.15), we get
1 [t 1
(AW W) = / g () IBZws(s)]|’ds, (2.16)
0

which implies that
(FW, W), <0, 2.17)
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since g is nonincreasing. This means that .7 is dissipative. Note that, thanks to (2.4) and
1
the fact that ws € L§(R+, D(B?)),

+o0 1 +00 1
‘ /0 g ()IBZws(s)|*ds| = — /0 g ()IBZws(s)|*ds

+o00 | 5
< 50/ g(s)IB2ws(s)||"ds
0
< 400, (2.18)

so the integral in (2.16) is well defined.

Next, we shall prove that /d — <7 is surjective. Indeed, let F = (f1, f2, f3, fa, f5)T IS
A, we show that there exists W = (wy, wa, w3, wa, ws)! € D(7) satisfying

(Id — /YW = F. (2.19)
We note that the first and second equations in (2.19) give
w3 =w; — fi and w4 = wy— fo. (2.20)

The last equation in (2.19) with ws(0) = 0 has a unique solution

ws(s) = </o e’ (fs(y) +wi — fl)dy> e, (2.21)

On the other hand, plugging (2.20) and (2.21) into the third and fourth equations in (2.19),
we get

{ (A—gi1B+1d)w + Bwy = fi, (2.22)

Bwi + (A + Id)yws = f>,

+00 »
where g1 :/ g(s)e %ds, f» = f> + f4 and
0

~ +00 K
Fimfi+ it /0 g()e ( /0 ' B(fi — fs(y))dy) ds.

Since 1 — apgi > 1 — apgo > O (thanks to (2.3)) and using (2.12), the operator .Z :
D(A) x D(A) — H x H defined by

@ wy\ (Aing+{d)w1+Bw2
wy ) Bwi + (A + Id)w;

is self-adjoint linear positive definite. Then, applying the Lax—Milgram theorem and clzlls—

1 ~
sical regularity arguments, (2.22) has a unique solution (wy, wy)? € D(A2) x D(A2).
Furthermore, coming back to (2.19) and recalling (2.20) and (2.21), we see that W € Z(&7)
satisfying

+00
(A — goB)w +/ g(s)Bws(s)ds € H.
0

Hence, Id— <7 is surjective. Finally, (2.17) and (2.19) mean that —.¢7 is a maximal monotone
operator. Therefore, using Lummer—Phillips theorem (see [45]), we deduce that <7 is the
infinitesimal generator of a linear contraction Cp-semigroup on .7, and then the result of
Theorem 2.2 is ensured by the semigroups theory (see [43] and [45]). [l
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3. Asymptotic behavior

This section is devoted to the study of the asymptotic behavior of solutions of (2.8).

3.1. Additional assumptions and stability estimate

We start by considering the following additional assumptions:

(AS) There exist a positive constant a; and jo € {0, 1} such that
1 2 Jo 1 2 1 _J
A2w|” < ax||A2 B2wl||®, Yw € D(AZB7?). 3.1
(A6) There exists a positive constant a; such that
D(A) C D(A) and [A2w|? < @ || A2w|?, Yw e D(A?). (3.2)
(A7) The constant by defined in (A4) satisfies also

= (] —
by < aya ( aogo)’ (3.3)

ap
and there exists a positive constant bg satisfying
<1§w, w) > bollw|? Vw € H (3.4)

or
<Bw, w> < —bollw|?, Vw € H. (3.5)

(A8) The function g satisfies g(0) > 0 and there exists a positive constant § such that
g'(s) < —8g(s), VseRy (3.6)

or there exists an increasing strictly convex function G : Ry — Ry of class
C'(R1)NC?(]0, +ool) satisfying G(0) = G'(0) = 0, lim,_, 400 G'(¢) = +00 and

+00
/ g(s) + sup g(s)
0

d _— . 3.7
G—gon TP Gy ~ G7)

Now, we introduce two sets of initial data %4 for which our stability estimate holds. Let,
for n € N*,

H, = |02/0 e DA™Y : AR Uy e @(d”)} (3.8)
when (3.6) holds, and
Ay = i% e D) : AT Uy € D(/™) and 3.9)
+00 ; 2
sup max / l‘g%—s)/ ’AJTOB%Bfuo(S —t)H ds < +o0
reR, k=0.-.n J; G (=g'(s)) ’

when (3.7) holds and (3.6) does not hold.
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Tueorem 3.1 Assume that (A1)~(A8) hold and let n € N* and %y € iy, whereip =2
ifA=A—goB,andig =3 if A # A — goB. Then there exists a positive constant ¢, such
that
2 Cn
1% 013 < cnGu (). Vi >0, (3.10)

where
s if (3.6) holds,

Gols) = { sG'(s) i (3.7) holds and (3.6) does not hold,
Gi(s) = Gal(s) and G, (s) = G1(sG—1(s)), form =2,3,--- ;nands € Ry.

@3.11)

3.2. Comments and examples

We give here some comments and explicit examples on the assumptions considered in this
paper and the obtained stability result.

(1) The class of functions satisfying (A3) and (A8) is very wide and contains the ones
which converge to zero exponentially (conditions (2.4) and (3.6)) or at a slower rate
(conditions (2.4) and (3.7)) like, respectively, g1 (s) = dje™ 4" and g2 (s) = afﬁ’
di, q1, d» > 0and g2 > 1, where (A3)is satisfied by g; anjdroggz provided that d; and

d q a1 _ d 1
» are small enough so thatd; < a—anddz <= (thus g1(8)ds = — < —
0 0 0 q1 ao

oo d 1
and/ g2(s)ds = 2 . —), g1 satisfies (3.6) with § = ¢, and g» satisfies
0 q2 — ao

1
(3.7) with G(s) = s?, forany p > 92+

1
T Condition (3.6) can be seen as the limit

of (3.7) when G approaches /d; thcall% is, when the decay rate of g approaches the
exponential one.

(2) The assumptions (1.6) and (1.20) considered in [42] are too restrictive because they
imply, in particular, that

g(0)e™ < g(s) < g(0)e ™, Vs e Ry. (3.12)

(3) Keeping (Al) in mind, (3.1) with jo = O implies that A and B are equivalent.
Otherwise, (3.1) with jo = 1 means that A is stronger than B. Similarly, (3.2)
implies that A is stronger than A and B.

(4) Assumptions (3.4) and (3.5) imply that the coupling operator B is effective along
the space H. This fact guarantees the control of the second equation of (1.1) via the
behavior of the first one and B.

(5) In the particular case of (1.19) and under assumptions (1.6) and (1.20), the decay
estimate obtained in [42] is the following:

1% (1)1 < cat™, Vi >0, (3.13)

for any % € 2(«7/*"). Estimate (3.13) is identical to (3.10) in case (3.6), and it is
stronger than (3.10) in case (3.7). The same estimate (3.10) was proved in [13] for
some Timoshenko-type systems under the boundedness condition

. 3.14
L2(J0.L]) = e G149

.0k 0(s)|

sup max
seRy k=0,---,n
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On the other hand, under (3.1) with jo = 1, and the boundedness condition

sup HA%B%MO(s)H < +oo, (3.15)

SER+

it was proved in [8] that the energy E, defined in (1.7) for (1.5) satisfies, for some
positive constants g, §; and 8, and G (s) = sG'(eps),

P
E,(t) < G} (%) . Vi 0. (3.16)

The estimate (3.10) proves that (3.14) and (3.15) are not needed to get the asymptotic
stability lim,_, 4o || % (¢) ||éf = 0 (see the examples (3.18) and (3.20) below).
Let us consider an example to illustrate how the smoothness of %4 improves the
decay rate in (3.10). Letg > 1, @ > 0 and g(s) = a(1 + s)~9 such that g is small
enough so that (2.3) holds. Assumptions (1.6) and (1.20) considered in [42] are not
satisfied, but condition (3.7) holds with G(s) = s?, forany p > Z%}. Then we find
Gnu(s) = csPr, where c is a positive constant and p, = Y, _; p~™. Therefore,
(3.10) gives

1
1% (O3 < cat™, Yt >0, Vp> Z%. (3.17)

Note that t~P» approaches ¢t~ (which is the decay rate in (3.13)) as p goes to 17
(that is when g converges to 4-00). Estimate (3.17) holds for initial data satisfying,
for example,

i 2
. Bnax' AJTOB%Z)fuo(s) <qi(1 4+ VseRy, (3.18)
=0, ign

—Dg-1)-2
where ¢ is positive constant and gy < (p ) ) ,S0 Uy € Hipn. If
p
0 (p—D@-1)-2
<qo < ,

p

the initial data satisfying (3.18) do not necessarly satisfy neither (3.14) nor (3.15).
Let us consider here another example to illustrate how the estimate (3.10) gen-
eralizes and improves the ones known in literature. Let ¢ > 1, d, a > 0 and
g(s) = ae~ 4+ gych that a is small enough so that (2.3) holds. Assumptions
(1.6) and (1.20) considered in [42] are not satisfied, but condition (3.7) holds with
G(s) = sP,forany p > 1. Then G, (s) = csP*, where c is a positive constant and
Pn =Y m—y P~ ™. Therefore, (3.10) gives

% I3 < cent™, Ve >0, Vp> 1. (3.19)

The decay rate = in (3.19) is arbitrary close to the one of (3.13) (since p,
converges to n as p goes to 17) even though g does not satisfy neither (1.6) nor
(1.20). Estimate (3.19) holds for initial data satisfying, for example,

: 2
A%OB%afuo(s) H < dj 2T yg e R, (3.20)

max
k=0, ,ipn
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where d; and d5 are positive constants, and go < g, s0 % € Hi,n. 1f 0 < qo < q,
the initial data satisfying (3.20) do not necessarly satisfy neither (3.14) nor (3.15).

3.3. Structure of the proof of Theorem 3.1

Before moving into the details of proof of Theorem 3.1, we explain in this paragraph the
outline of this proof.

The general idea of the indirect decay estimate (3.10) lies in the fact that the term v;,
which could be regarded as the viscous damping for the second equaion of (1.1), can be
expressed via higher derivatives of u through the weak coupling

+00
—Bu(t) = uy (t) + Au(r) —/ g(s)Bu(r — s)ds.
0

This higher energy decay estmate on the u-equation provides some control over the terms
for the energy of the v-equation.

The proof of (3.10) focuses on the case n = 1 and it is based on the Lemmas 3.2-3.4
below, where the considered functionals 11, I, Ji, J2, Ry, and R, are inspired from [8,12,
13,18,38-40,42,43] and [10]. The functionals /> and J> defined in, respectively, Lemmas
3.2 and 3.3 below are used only in case A#A— goB. Due to the definition of .7, all the
considered functionals are well defined.

The goal of the proof is to construct the functional F' defined in Lemma 3.5 and show
that

F(t) > Mo(E(t) + E1(t) + 0E2(t)), Vt e Ry
and

5
Go(eoE()) < _CIIMF/U) —Ci|8E' 0+ ) &E(M |, VieRy,
E@®) i=2

(3.21)
whgre My, C11, and Cy; are positive constants, 0y = &3 = 0 ifA=A— g0B,0) =& =1
ifA#A—goB, (51,8) = (1,0)if jo =0, (51,8) = (0, D if jo =1, (52,&) = (0, 1)
if jo=1and A # A — goB, (&2, &5) = (1, 0) otherwise, E is the energy functional giving
by (1.16) and E; (i = 2,3, 4,5) are higher order energy functionals. The estimate (3.21)
will follow from the preceding ones proved in Lemmas 3.2-3.4 below, and it demonstrates
that a certain function of the energy E is dominated by derivatives of globally bounded
functionals. So, integrating the differential inequality (3.21) will ultimately provide the
decaying bound (3.10) of E in case n = 1. The general case (3.10), for any n € N*, is then
deduced by induction on n.

3.4. Proof of Theorem 3.1

Assume that (A1)—(A8) hold and let %) € .%;, and E be the associated energy functional
with the solution of (2.8) giving by (1.16). Using (2.8), (2.16) and the fact that

1
E@t) = En%(r)n?;f, (3.22)



Downloaded by [King Fahad University of Petroleum & Minerals], [Aissa Guesmia] at 20:37 12 July 2014

Applicable Analysis 15
we get

1 1 oo / 1 2
E'(r) = 3 g®IB2n(t, s)ll°ds, VieR;. (3.23)
0

Recalling that g is nonincreasing, (3.23) implies that E is nonincreasing, and consequently,
(2.8) is dissipative. If g = 0, then E’ = 0; thus, (2.8) is a conservative system. This
fact shows that the dissipation resulting from the infinite memory is the unique control
considered in the system (1.1).

Lemwma 3.2 Let us define the functionals
+o00
L) = —<uz(t), / g(s)n(z, S)dS>
0
and
+00 _ +00
L) = —<Um(l‘)7/0 8(5)7ltt(tvs)ds>_<th(l)7/0 g(S)nn(t,S)dS>-
Then, for any €1, 81 > 0, there exist c¢,, cs, > 0 such that, forallt € Ry,
1 ~1
I{(1) < =80 — Dl OI* + elllAZu@®)|I* + er | A2v(0)|1?
+ o0 1
+ce / g)IAZn(t, 5))ds (3.24)
0
and
1
L(1) < —(80 — 8D w17 + 811 A2u, (1)1 + 81 [|ve (1))

oo 1 2 +00 1 2
+ ¢ (/0 gWIIA2n (1, 5) ds+/0 8WIIB2nu (1, )| dS)~ (3.25)

+00
Proof As in [8] and [10], multiplying the first equation of (1.1) by / g(s)n(t, s)ds,
0

we get
+00 +o0
0= <un(t),/o g(s)n(, s)ds> + <(A — 80B)u(t), /0 g(s)n(, s)ds>

+o0 +o0 - +00
+ </ g(s)Bn(t, s)ds, / g(s)n(t, s)ds> + <Bv(t), / g(s)n(t, s)ds>.
0 0 0

Using the definition of A% and B%, we obtain
+0oo | +oo )
0= <un(t),/ g(sn(t, S)dS> + <A2u(l),/ g(s)A2n(z, S)dS>
0 0
+00 | +o00 1
— &0 </ g(S)Bfu(t)ds,/ g(S)an(t,S)dS>
0 0
+00 1 +00 1
+</ g(S)Bfn(t,S)ds,/ g(S)an(t,S)dS>
0 0

+00
+ <1§v(t), / g(s)n(, s)ds>. (3.26)
0
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On the other hand, by using the fact that 9;n (¢, s) = —dsn(t, s)+u;(t) (according to (2.13)),

we find
+o00
<'ht(ﬂ»/£) g(s)n(t, s)ds>

+00 +o0
=at<ut(r>, fo g(s>n<r,s>ds>—<ut(r>, /0 g(s>m<r,s>ds>

—+o00
=—1/(n) —go||u,(r)||2+<u[(r), /O g(s)ns(t,s)ds>.

Integrating by parts with respect to s in the infinite memory integral, and using the fact that
lims_, 15 g(s)n(t,s) = 0 and n(¢, 0) = 0 (according to (A3) and (2.13)), we get

+00 +00
<Mtt(f), /0 g(s)n(r,s>ds> — 1) - gollu O] — <u,(z), /0 g’(s)n<r,s)ds>.
(3.27)

Exploiting (3.26) and (3.27), we deduce

I[(t) = —gollus (1)1
+00 - +oo
- <uz(t), /O g (s, S)dS> + <Bv(t), /0 g()n(, S)dS>

1 —+00 1 | +0o0 1
+<A2u(r>, / g(s)AZn(r,s>ds>—go<Bzu(r>, / g(s)BZn(t,s)ds>
0 0

+00 ' +00 1
+</ g(s)Bfn(t,s)ds,/ g(s)B2n(t,s)ds>.
0 0

Using Cauchy—Schwarz and Young’s inequalities for the last five terms of this equality,
and (2.1)~(2.5) to estimate || B2u(1)||2, [|1(t, )12 | Bv(t) |2, and —g'(s) by aollA2u(t)|%,
W AZu(n)|, B A2 0(r) |> and 8og(s). respectively, we get (3.24).

Using the system obtained by differentiating two times the first equation of (1.1) with
respect to time ¢; that is

+o0 ~
Uprr (1) + Auge (1) — / g(s)Buy (t — s)ds + Bvy (1) =0, Vt >0, (3.28)
0

+0o0

multiplying (3.28) by / g(s)ns (¢, s)ds, we find as for Il’
0

+00
12/(1‘) = _gOHMttt(t)”z - <uttt(t)a/0 g (M, s)ds>
1 +oo 1 1 +oo 1
+<A2Mtz(t),/0 g(S)A“Itt(tvS)dS>_80<lefitt(l)»/(; g(S)antt(f»S)dS>

- +00 +00 +00 .
—<Bv,(t),f0 g(s)nm(t,s)ds>+</0 g(s)B%nn(t,s)ds,/O g(s)BZnn(t,s)ds>.

Then, following the same procedure as before, we get (3.25). U
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LemMa 3.3 Define the functionals
Ji(@) = (u (), u@®)),  J2t) = (U (1), un(t))+<1§vt, un(t)> and R (1) = (v/(1), v(1)) .
Then, for any A1, A2, A3, €2, 82 > 0, there exist c,, c5, > 0 such that

/ 2 1 2 b1a0 ~1 2
Ji@) < u DN — (1 —apgo — €2 — ADNA2u@ " + ——=|A2v(@)||
4 1a1ay

“+0o0 |
+c€2/ g IAZn(t, s)|?ds, Vi e R4, (3.29)
0

/ 2 1 2 b 2
@) < (T +2)|ue (D7 — (1 —apgo — 82) | AZus (H1° + E”vt(t)”

+00 1
+Céz/0 g)IAZny (1, 9)|%ds, Ve Ry (3.30)

and

aob

1 1 ~1
Ri(r)f||vt(r)||2+4al&lk3nAzu<r)n2—(1—A3)||A2v(r>||2, vVieRy. (331)

Proof Multiplying the first equation of (1.1) by u(z), we find
400 5
0= (s (). (1)) + (A = goBJu(r), u(v)) + < [ g(s)Bn<r,s>ds,u<r>> + (Bo.ue).
Consequently, using the definition of A2 and B%, we have
1 1
0= (ur (1), u(®) — lur I + |A2u(@)|> — gol BZu®)|>
+oo 1 1 ~
+ </ g(s)B2n(t, s)ds, B2u(t)> + <Bv(t), u(t)) ;
0
which implies that
1 1 ~
HO = @I = 1471 + g0l B2u®)|? — (Bo@), u())
+00 ! 1
— </ g(s)B2n(t, s)ds, B2u(t)>. (3.32)
0

By using Cauchy—Schwarz and Young’s inequalities for the last two terms of (3.32), and
1 ~ 1

(2.1), (2.2), and (2.5) to estimate |B2u(r)||, |lu()||?, and || Bv(t)||> by aollAzu(®)|?,

%0 ||A%u(t) | and Tl ||A% v(1) ||, respectively, inequality (3.29) holds. Similarly, multiply-

a a

1
ing the second equation of (1.1) by v(¢) and following the same procedure as in the proof
of (3.29), we find (3.31). On the other hand, multiplying (3.28) by u, (t), we find as for Jl’

B0 = g DI = 1421 012 + g0l Bure 02+ {Bvi (1), e 1)
+00
_</ g(S)BéUtt(lsS)dS,B%Mtt(t)>-
0

Then, following the same procedure as in the proof of (3.29), we find (3.30). O
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Now, we adapt the approach of [38] to our system (1.1) in objectif to get a crucial
estimate.

Lemma 3.4  Let Ry be the functional defined by

Ra(t) = (ura (), v (D)) = {ueg (1), e (1)) + < /0 " e B, s, Biv(r>>
when (3.4) holds and A = A — gyB,

Ro(1) = — (use (1), v (1)) + (e (1), vy (1)) — </0+°° g(S)B%ﬂz(l, s)ds, Bév(l)>

when (3.5) holds and A = A — gyB,

Ra(t) = (A*‘Au,t(t), v,(t)> - <A*‘Au,(z), v,,(t)> — g0 <B%u,(t), B%(r)}

+ </O+oo 8($) B2, (1. )ds, Biv<z>>
when (3.4) holds and A # A — goB, and
Ro(t) = — <A*1Au,,(t), v (t)> + <A*‘Au,(;), v,,(t))
+ 0 (B2ui(0), BTo() - </0+oo g($)B (1, 5)ds, Biv(t>>

when (3.5) holds and A # A — goB. Then, for any 83, €3, €4 > 0, there exists ey, Cey > 0
such that, for all t € R4,

-1 +00 1
Ry (1) < —bollvi )12 + Vb1 lus (1) 1> + 3| A2 (1) |12 +c€3f0 g 1B (2, 5)|%ds

i (3.33)
incase A=A — goB, and
do + 1 goatar 1
Ry(1) < —(bo — )l ()1* + v/brdollu, (1) ])* + 5 llee (11 + %ufwnmnz
-1 5 +00 | )
+ (83 +en)|AZv (@) +Ce4/0 g&)IIBZny (2, s)|I7ds (3.34)
in case A # A — goB, where dy is a positive constant defined by
1A~ Aw|)* < dollw]?,  Vw € D(A) (3.35)

(since A=Y A is bounded thanks to (3.2)).
Proof

Case ] A = A— goB: considering the equations obtained by differentiating the equations
of (1.1) with respect to time #; that is

+00
U (1) + Aug (1) — / g(s)Bu(t — s)ds + vi(t) =0, V>0 (3.36)
0
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and
Vit (1) + Av (1) + Bu, (1) =0, Vi > 0, (3.37)

and multiplying (3.36) and (3.37) by v;(¢) and u;(¢), respectively, we get
+00
0 = (use (1), v:(1)) + ((A — goB)uy (1), v, (1)) + </0 g(s)Bn: (1, s)ds, vr(t)>
+(Bu ), v 0) = 1), 1:0) - (Avt (1), 4 (0)) = (Bug 1), (1)

=9 ((una), 0 ) = W@ v ) +{ [ gV BIn, $)ds, Biv<t>>>

+o0
- < /0 2(s)B2ny(t, 5)ds, Bzv<r)> Bur(), () + (Bui (1), v ).
> 0 (because A = A — goB and A is

since ((A — goB)u (1), v (1)) — <sz(t) ur(t)
self-adjoint). Therefore,

+00
) <<u,,(r), V(1) — (1), vir (1)) + < fo g()B2n,(1. s)ds. Biv(r>>)

“+0o0 » »
= < /0 g(s) B2, (t, 5)ds, B%v(t>> o+ (Bur 0, uy o) = (Boo, v 0). - (3.38)

Consequently, using Cauchy—Schwarz and Young’s inequalitlies for the first ternl1 of the
right-hand side of (3.38), and (2.1) and (3.2) to estimate ||va(t)||2 by a0&2||147 v(t)||2,
and using (2.5) and (3.4) to estimate the last two terms of the right-hand side of (3.38), we
get (3.33) when A = A — goB and (3.4) holds. Similarly, multiplying (3.38) by —1 and
following the same procedure, we find (3.33) when A=A— goB and (3.5) holds.

Case2 A # A — goB: multiplying (3.36) and (3.37) by v (¢) and AV Au, (), respectively,
we get

+00
0 = (uss (1), v (1)) + ((A = goB)u; (1), ve (1)) + </0 g(s)Bn(t, s)ds, vz(t)>

+(Bui @), v, 0) = (v 00, A~ Auy(0) = (v 1), A~ Aus (0)) = (Bus 00, A~ Ay ()
(A At (0, 010)) = (A7 Ay (0, v (1)) = g0 (BRu 1), BRo(1)

+00
+< g(s)B%m(t, s)ds, Bév(t)>> — </0 g(s)B%n”(t, s)ds, B%v(t)>

since (Au; (1), vs(t)) — < “LAu, (), Avf(t)> O(becauseAis self-adjoint). Therefore

Bus(0), A A (1)) + g0 (B2uar (0, BE0(0)) + (e (0, v, 0)

A7 Augy (1), v,(l‘)> <Evt(t)»vt(t)>»

o (A" Aue (0, v 0) = (A7 A1), v (0)) = g0 (B2ur 1), B2v(0)
—+o0
+< / 2(s)B2n, (1, s)ds. B%v<z>>)
0
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oo 1 1 - -1 1 1
= < fo () B0y (t. s)ds, Bzv(r>> o+ (Bur (), A7 A (1)) = g0 (B2 (0, BTo(0))
= (i 1), v 0) + (A Ay (0, 0. 0)) = (Bur(0), v 0)). (3.39)

Consequently, using Cauchy-Schwarz and Young’s inequalities for the first four terms of the
right-hand side of (3.39), applying (3.2), (2.5) and (2.1) to estimate ||B%v(t)||2, | Bu; ()|
and || B uy, (1)1 by ao@zl| A2 v(0) 1% /B llu (1) and aoll A2uy (1)]12, respectively, using
(3.35) and (3.4) to estimate the last two terms of the right-hand side of (3.39), we get (3.34)
when A # A — goB and (3.4) holds. Similarly, multiplying (3.39) by —1 and following the
same procedure, we find (3.34) when A # A — goB and (3.5) holds. [l

Before proving the next lemma, let us consider, for k = 1, 2, 3,

1 1 1 1 1
Ek<t)=5||a,"%<t)||§f, E4(r)=5||Az%(r>||§f and Es<t)=5||Aza,2%(r)||§f.
(3.40)
Similarly to (3.23), we have
1 [*o Lo 2
E;(r>=§/0 g &)B23kn@, s)|2ds, Vi e Ry, (3.41)
1 [T 11 5
Eimzif d)A2BIn(t, s)|%ds, VieRy (3.42)
0
and
1 [* 11 )
E5() =5 f S OAZB2n,(1,5)|%ds, Vi eRy. (3.43)
0

LemMa 3.5 There exist positive constants Ni, M; (i = 0,1,2) and C; (i = 0, 1) such
that the functional

F(t) = No(E(t) + E1(t)) + N1 11 (t) + M1J1(t) + C1R1(t) + Ry (t) (3.44)
ifA=A—goB, and

F(t) = No(E@) + E1(t) + E2(t)) + Ni11(2) + Nala(2)
+ MJi(t) + MaJr(t) + C1R1(t) + Ro (1) (3.45)

ifﬁ # A — goB, satisfies, forallt € Ry,
F(1) = Mo(E(1) + E1(1)) (3.46)
and

o0 1 1
F'(t) = =MoE (1) + Co fo ¢ (1A I + 1B2nu(.9)2)ds (347)

if A=A — goB, and
F(t) = Mo(E(t) + E1(1) + Ea(1)) (3.48)
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and

oo 1 1 1
8 (IATn(, I + 1At )12 + 1 BEnus 0, 9)117) ds

(3.49)

Fms—mmm+@/
0

if A# A— goB.

Proof First, we prove (3.46) and (3.48). Using (2.12) and the fact that B is self-adjoint,
we find, for all € R,

1 ~ 1 +oo 1
Emz%OMmW+MmW+Mme+Mme+A mmwmmnww)

(3.50)
Similarly,
¢ 1 ~1
E1(0) = 5 (It I + 1ou OIF + 1470, 01 + 1470, 1)1
+00 | 5
+[; g@NBZmOJMch> (3.51)
and
o 2 2 1 2 ~1 2
Ex(n) = > (||Mm(l)|| F v O + 1AZuy (O + A2 v (D]
+o00 | 5
+/0 gWIIB2n (1, )| ds). (3.52)

From (3.50)—(3.52) and the definition of /;, J; and R; (i = 1, 2), we see that there exists a
positive constant L (not depending on Ny) such that

F(t) = (No — LY(E(t) + E1(1)), VteRy
incase A = A — goB, and
F(1) = (No — LY(E(t) + E1(t) + E2(1)), VieRy
in case A # A — goB. Thus, choosing No > L, (3.46) and (3.48) hold, for any
Mo < No— L. (3.53)
Second, we prove (3.47) and (3.49) by distinguishing two cases.

Case] A= A— goB: by combining (3.24), (3.29), (3.31), and (3.33), and noting that
E', E; < 0 (according to (3.23) and (3.41)), we get

/ 2 2 1 2 i 2
F' (@) < —Lillus (D)7 — Lallo: 17 — L3[lA2u(D) || — Lal|A2v (D) ||

+00 |
+ (Nice, + Mlcez)/ g(s)|A2n(t, 9)|I°ds
0

“+o00 1
+%A g IB (. $)|Pds, Vi € Ry, (3.54)
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where
Ly =goN1 — My — /by — €1Ny,
Ly = by — Cy,
apby
Lz = —apgo—r1)M; — —C1 —€1N| — e My,
dajairz

Ly=(1—-Xx3)C| — M1 — e N1 — e3.

1
dayair
1 L o 1
We choose | = 5(1 — apgo) (which is positive since (2.3)), Az = > 0 < Cy < bg and

apb1Cy n Vb

goaiai(1 —aogo) 8o

Ny >

(note that because g(0) > 0 according to (A8), then gop > 0). Later we take

b C a1(1 — C
b€ < M < min {g0N1 b, ayay (1 —apgo)Ci }
arai (1 —aopgo) aopby

(M exists due to (3.3) and the definition of N1). These choices imply that

g()Nl—Ml—\/E>0, bo—C1 >0, (1—apgo—Ar1)M; — C; >0
4611611)»3

and

1—x3)C — M 0.

( 3)C1 12 101)»1 1>
Finally, we choose €3 = € = €] and €| small enough such that L; > 0, i =1,---,4.0On
the other hand, using Young inequality, (2.1), (2.2), and (2.5), we find

A 1= 2 2
Bu(t), v(t)) < (IIBM(I)II + lv@®7)
bia
<3 (1—°||A2 O + —||sz(r>||2), Vi € Ry,
therefore, from (1.16),
2 2 1 2 il 2
E@t) < (Iluz(t)ll + oI+ [[AZu@)||” + [[A2v(@)]|
+o00 1 5
+/o g)IB2n(z, s)l dS>, (3.55)
where | b .
C2=—max{1+l—aol+ }
2 aj ap
By combining (3.54) and (3.55), (3.47) holds, for any
1
My < C—min{Ll, Ly, L3, Ly} (3.56)
2

and (using (2.1) to estimate [| B27(z, 5)]|> by aoll A2 n(t, 5)[|2)

Co = max {C63, Nice, + Mice, +aomin{Ly, Lo, L3, L4}} .
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So, (3.46) and (3.47) hold, for any My > O satisfying (3.53) and (3.56).

Case2 A # A — goB: similarly to the proof in case A = A — goB, by combining (3.24),
(3.25), (3.29)-(3.31) and (3.34), and noting that E’, E,’{ < 0 (according to (3.23) and (3.41)),

we get (using also (2.1) to estimate ||B% nie (2, 8)|12 by a0||A%n,,(t, O
1 ~1
F'(t) < =Lillu@I* = Lalloy)I* = L3 AZu@) 1> = LallAZv(@0) > = Lsllugus (1)

1 +OO 1
— Lol Arun P + (Nice, +M1c52)/ ¢ A0, )|2ds
0

+o0 |
+ (Nacs, + Macs, + aoce4)/ g IAZn, (2, 5)|1*ds
0

+o00 .
4 Nacs / @B (e, )|Pds. Vi € R, (3.57)
0
where
Ly = goN1 — My — /bidy — €1 Ny,
by M
Ly =by—C| —e3— ——— — 81 N2,
4r,
apby
Lz = —apgo—r1)M; — —C1 — 1Ny — oMy,
b dajai iz
apby
Ly=(1—-2A3)Ci — —— M| — 83 — € N| — €4,
dajai |
0+
Ls = goN> — (1 + X)) M3 — — 81NV2,
2 2~
an8pa2
Lo = (1 —apgo)Ma — 2292 — 51Ny — 8, M».
‘We choose

bo ((@1a)*(1 — aogo)? — (aoh1)?)
2(a1a@)?(1 — aogo)?

1 1
Alzz(l—aogo), )\325 and 0 <3 <

(83 exists thanks to (3.3)). Next, we take

283(aran)*(1 — apgo)? alglan
— 21_ 7 b 2<C1<b0 and M2>ﬁ
(arar)“(1 — aogo)~ — (aob1) (1 —aopgo)ds

Later we pick

aph|Cy My < arai (1 —apgo)(Cy — 283)

0<e3s<by—Cy, ——F——
arai (1 — apgo) aopby

d
an by M

Ap> —m————,
4(bp — C1 — €3)

Finally, we choose

bidy + M 1 (dy+1
Ni > L_M and Ny > —( 0t +(1+k2)M2>.
80 80 €3
These choices imply that
biM
goN1 — My —+/brdy >0, byg—Ci—e€3— 41”\2>0,

2
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apb apby
(I —apgo — A)M;y — —C1 >0, (1-A3)C;— — M — 83 >0,
dajairs dayai M
do+1 ajglas

goN2 — (1 + A) My — > 0.

>0 and (1 —apgo)M> —

453

At the end, we take €4 = €3 = 6 = 1 = €] and €] small enough such that L; > 0, i =
1,---,6. By combining (3.55) and (3.57), we find (3.49), for any M satisfying (3.56) and

Co = max {Nice, + Mice, + apmin{L1, Ly, L3, L4, Ls, Le}, Nacs,
+ Macs, + aoce,, Nacs, } .

So, (3.48) and (3.49) hold, for any My > 0 satisfying (3.53) and (3.56). O

Now, we estimate the integral terms in (3.47) and (3.49). Under the condition (3.6) and
using (3.23), we have

+oo 1 -2
/ g IBIn(t, s)|ds < TE’(I), Vi € Ry (3.58)
0
In case where (3.7) holds and (3.6) does not hold, we prove this lemma.

LemMma 3.6 There exists a positive constant C3 such that, for any €y > 0, the following
inequality holds:

+00
G’ (EoE(t))/ gWIBIn(t, 5)|Pds < —C3E'(1) + C3eoE()G' (9 E(1), Vi € Ry
0
(3.59)

Proof First, we note that (3.58) and (3.59) are equivalent when G = Id; so (3.59)
generalizes (3.58) (which represents the kernels g converging exponentially to zero at
infinity) to the class of kernels g having a decay rate smaller than the exponential one. We
have proved estimate (3.59), first, in [8] under condition (3.15), and then applied it in [12]
and [13]. The proof of (3.59), for initial data % € ;, and under the condition (3.7), is
slightly different.

We note that, if g’(sg) = 0, for some sy > 0, then g(so) = O because G’I(O) =0
and s % is bounded (thanks to (3.7)), and therefore, g(s) = 0, for all s > s,
because g is nonnegative and nonincreasing. This implies that the infinite integrals in (3.47)
and (3.49) are effective only on [0, so]. In the same time, if £ (sg) = 0, for some s9 > 0, then
E(s) = 0, for all s > s, since E is nonnegative and nonincreasing, consequently, (3.10) is
satisfied, for any ¢, > soG;1 (E(0)). Thus, without loss of generality, we can assume that
g <0and E > O0onRy.

Let ¢t € R4. Because E is nonincreasing and using (2.1), (3.50) implies that
1820 )12 =2 (1B2u@I + [1BTu( - )|?)

4
< O E©0) +21B2ut — )| Vs € R,
€0
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Then, for

8
ﬂE(O) if0<s <t,

M(t,s) = 4‘; 1 (3.60)
C—OE(O)+2||Bfu0(s—t)||2 ifs >1>0,
0

we conclude that

IBIn(t, s)I2 < M(t,5), Vi, s €R,. (3.61)
Let 71(¢,s), ©2(t,s) > O (which will be fixed later on), ¢g > 0 and K(s5) = G+(S), for
G
s € Ry (K(0) = 0 because lim,_, o+ G+() — tim, o 2 G'(0) = 0). The
S

function K is nondecreasing. Indeed, the fact that G~! is concave and G~!(0) = 0 implies
that, for any 0 < 51 < 52,

51 _ 51 )
) - !
6 (2t (1-2)0) Lo-tep+(1-2)e-1o ¢ 6
52 E)) 52 2

Then, using (3.61),

K(sy) =

= K(sp).

K (=0t 98 OIBIN@ 9IP) < K (M@0 $)g'() . Vs € Ry

Using this inequality, we arrive at
+o0 I )
f g@IIB2n(t, s)I°ds
0

- sz [ mas6 ((reagenshie )
G'(«E®) Jo T, s) ’ ’

T1(t, s)G (€0 E(1))g(s)
X K
—12(t, 5)8'(s)

a1 /+°° 67 (~mat. g @B ) )
T G@EW) Jo ) ’ ’

T1(t, 5)G (€9 E(1))g(s) /
—12(t, 5)g'(s) K (=M1, 9)0a(t, )8/ (5)) ds

s [ a6 ((raag @B )
S G@ED by 1) | |
M, 501, 9G (€ E1)g(s)

G (=M1, 5)Ta(t, 5)8'(5))
Let G*(s) = sup; g, {s7 — G (1)}, for r € R4, denote the dual function of G. Thanks to
(A8), G’ is increasing and defines a bijection from R to R, and then, for any s € R, the

function T + st — G(7) reachs its maximum on R at the unique point t = (G’ )~ (s).
Therfore,

(—r2.9¢' ©1B@ 9)I7) ds

G*(s) =s(G) ' (5) = G((G) (), VseRy.
Using Young’s inequality: s152 < G(s1) + G*(s2), for

M(t,5)Ti(t, 5)G (€0 E(1))g(s)
G (—=M(t,5)ta(t,$)g'(s)) ~

1
51 =67 (~n(. 98 ©) 1B, 9)[) and s, =
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we get

+00 . 5
/o gWIIB2n(t, s)°ds

1 +o0 —0(t,s) / )
= G/(EoE(t))A ) (S)llBZn(t $)|I°ds

1 oo 1 « (M(t, $)T1(1, S)G’(EOE(t))g(S))
+ s | o+ (XL ds
G'(eE®) Jo Tt s) G =M, 5)na(t, $)g' ()

Using the fact that G*(s) < s(G')~!(s), we get

+o0 . )
/0 g@IIB2n(t, s)|"ds

+oo n(t,s) ,

2
: mf s S OB ) Pds

+ /+°° M, 5)g(s) G (M(t, $)T(t, S)G/(EOE(t))g(S)> s
0 G =M@, 9)na(,5)g'(5)) G =M, 5)na(t, 5)g'(s))
Thanks to (3.7), SUPeR % := m) < +o00. Then, using the fact that (GH s
nondecreasing and choosing 72 (¢, s) = s We get

+o00 .
/0 g®IBn(t, s)|*ds
-1 +00

<
T G'(eoE®) Jo M(t, s)T1(t, s)
+/+OOM
o GH(=g(s)

/ 1 2
g B2y, s)|"ds

(G (miM(t, )11 (t,5)G (€0 E1))) ds

Choosing 71 (¢, s) = m and using (3.23) and the fact that
oo M(t,
sup / _S;)‘g:mds =:my < 400
R, Jo  GTH(=g'(s))

(due to (3.7) and (3.9)), we obtain
+00 - +o0
/’ ﬁ?WB%UUJNFdSS-——JZL—:/ g ) 1B, 9)|ds
0 G'(egE(1))

+00
n EoE(t)/ M(f( S)gg((j)))d

=< G’(G—E(t)) E'(t) + eom2E(2),

which gives (3.59) with C3 = max{2m1, m}. O

Now, we go back to (3.47) and (3.49). Similarly to (3.58) and (3.59), and using (3.41)-
(3.43), we find, fork =1, 2, 3,

+00 Lok -2
f §OIBR 0, ) Pds < B0, Vi € By, (3.62)
0
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+oo 11 2 -2
/ g(|A2B2n(t, s)||“ds < TE‘/‘O)’ vVt e Ry (3.63)
0
and +oo 11 -2
/ g()IIAZ B2, (t, $)|I*ds < ?Eé(l), Vi € Ry (3.64)
0

if (3.6) holds. Otherwise, when (3.7) holds and (3.6) does not hold, we get, for any €y > 0
andt € Ry,

+00 |
G’(éoE(t))/O g&IIB29n(t, $)|’ds < —~C34xEf (1) + C31k0E(1)G (0 E (1)),
(3.65)

+00
G’(GoE(t))/ g®)IATBIn(, )] %ds < —C7E4(1) + Cre0EN)G (0 E(1))  (3.66)
0

and

+00 11
G’(éoE(t))/O 8()IA2 B2y, (1, 5)||ds < —CgE§(t) + Cseo E()G' (€0 E(1)) (3.67)

where C4, Cs, Cg, C7, and Cg are defined as C3 with, respectively, ||B%8Suo(s — t)||2,
1B202uo(s—1) 12 | B283uo(s—1)|1% | A2 B2ug(s—1)||%, and || AZ B2 92ug (s —1)||? instead
of ||B%u0(s —1)|1?, and E|(0), E2(0), E5(0), E4(0) and E5(0) instead of E(0) in the defi-
nition (3.60) of M(z, s). Therefore, using (3.1) to estimate [| A2 31| by az||A? B2 8ky]|2,
for k = 0, 2, (3.47) and (3.49), we get, for some positive constants Cy9 and Cyo (do not
depending on €),

F'(t) < —MoE(t) — Co(§1E' (1) + &E5 (1) + E3E5(1) + E4E4 (1) + EES(1)), Vi€ Ry
if (3.6) holds, and
G'(eoE(1))F'(t) < —(Mo — Ci0€0) E(1)G' (€0 E(1))

— Ci1oE1E (1) + &E5(t) + §E5(t) + E4E4 (1) + & E5(1)), Vi € Ry

if (3.7) holds and (3.6) does not hold, where (€1, &) = (1, 0) if jo = 0, (§1, &) = (0, 1) if
jo=1,(E.8) = (0, 1)if jo=1and A # A — goB, (&2, &5) = (1, 0) otherwise, & = 0

ifA=A— goB,and & =1 if A # A — goB. By choosing 0 < ¢y < C—O, we see that, for

0
some positive constants Cy; and Cjp, and for all € R, !
Go(eoE(1))
Go(eoE (1)) < —CuTF/(t) (3.68)

— CaGGIE' (1) + &E5(t) + §E5(1) + E4E4 (1) + &5 Es(1)),
where Gy is defined in (3.11). By integrating (3.69) over [0, T], for T > 0, and using the

Go(eoE)
factthat F, E, E, E3, E4, E5 > 0(dueto (3.46) and (3.48)), Go(eg E) and ———— are
nonincreasing, we find

T
GoloE(THT < / GoleoED)di
0

=c1,
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where

1 EO
¢l = max {—, e SUEO) p o) L e @ EO) + £E:0)
€0 E(0)

+&3E3(0) + §4E4(0) + &5 E5(0)) }

This proves (3.10) forn = 1.

Now, suppose that (3.10) holds and let %) € J,+1). We have A_JTO% 0) € Hiyn,

kU (0) € Ay, fork = 1,2ifip = 2,and k = 1,2, 3 if ip = 3, and A%Oaf%(O) €
(thanks to Theorem 2.2 and the definition of .#,), and then (3.10) implies that, for k =
1,---,5,

0 o
E(t) < cuGh (CT) and  E(t) < 605G, <7”) (3.69)

where 9,’1‘ is a positive constant. On the other hand, for some positive consatant Cy3 (ac-
cording to the definition of F, E, E;, I;, J; and R;),

F() = Ci3(E() + E1(1), VieRy (3.70)
if A=A — goB, and
F(1) = Ci3(E(0) + E1(t) + E2(1)), Vi€ Ry (3.71)

if A # A — goB. Integrating (3.69) over [T, 2T], for T > 0, and using (3.70), (3.71) and

o(€0E)

G
the fact that Go(€gE) and 7 are nonincreasing, we deduce that, for for all 7 > 0,

27T
Go(eEQTHT < / GoleoE (D)
T

S Cu(E(T) + Ey(T) + Ex(T) + & E3(T) + E4E4(T) + &5 E5(T)),
(3.72)

where

G EQ
Ci4 = max {C12» C11C13M}

E(0)

From (3.69) and (3.72), we get, forall T > 0,
1 ., (2Cu 2¢, . 26) 5 262
E(2T) < aGO (7 (CnGn (ﬁ) +9nGn 2; + QnGn 1

2T
263 204 205
+&06, G, <2T”> + £46,/ G <2T”> +£56, G <2T” ))) .

This implies (note that G, and G, are nondecreasing), for t = 2T,

C, C C
E(t) < cas1 Gy (nTHGn ("TH)) = pr1Gst ( "t“), Vi >0,
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where

1
Cpy1 = max {—, 2en, 201,202,263, 202,263,
€0

2 (cn + 0y + 07 + 363 + 465 + £567) Cua

This proves (3.10), for n 4 1. The proof of Theorem 3.1 is completed.

4. Applications

We present in this last section certain particular applications included by the abstract system
(1.1) and (1.2). Let us consider an open bounded domain Q@ C RV, where N € N*, with
smooth boundary I'. In case of applications (i)—(iii), we note H = L?(Q2) endowed with its
natural inner product

(w, z) =/ w(x)z(x)dx.
Q

In case of application (iv), we note H = (LZ(Q))N endowed with the natural inner product

N
(w, z) =/ Zwi(x)zi(x)dx.
221

We consider the following particular coupled systems in €2 with Dirichlet and/or Neumann
boundary conditions on I':

(1) Wave-wave:

Voo 9 N ?
A A B) = |- —a;i— ), - —(ai;— ), b1d 4.1
( ) Z 8x,~ (a” 3x]‘> Z 8xl- <alj B)Cj) ( )
i,j=1 i,j=1
and
.9 B]
Z ax,' ( ij ax]'> or ( )
i,j=1
with the homogeneous Dirichlet boundary conditions
u=0, on I xRy 4.3)
and
v=0, on I xRy, “4.4)
where a;;, a;j, bijj,i,j = 1,---, N, and b are variable coefficients depending only on

the space variable and satisfying the following smoothness, symmetry, and coercivity
conditions: a;;, a;j, b;j € CY(Q) and b € C(Q) such that

a;j(x) =aj;(x), ajj(x) =aj(x), bjj(x) =bj;;(x), Vi,j=1,---,N,Vx e Q (45)

and there exist dy, d», d3 > 0 satisfying, forall €, --- ,ey € Rand x € Q,

N N N N N N
2 - 2 2
D aijeie; =di Yy €. Y ai(nee; =dyy €. Y bij(x)eie; = dy Y €

i,j=1 i,j=1 i,j=1 =
(4.6)
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and

inf b(x) >0 or sup b(x) < 0.
xe

xeQ

Note that (2.1), (2.2), (2.5),~(3.2), and (3.4) or (3.5) are satisfied, and (2.3), (2.6), and (3.3)
hold provided that go and ||b|| oo are small enough. On the other hand, (3.1) holds for jo = 0
ifB=— va j=1 a o (bij 7 Iy 9_),and for jo = 11f B = I d.Consequently, the stability estimate

(3.10) holds forig = 2if B = — ZINJ 1 3x, (blj 5 ) and @;; = a;j — gobi;. Otherwise,
(3.10) holds for ig = 3.

(i1) Petrovsky-Petrovsky:
(A, A, B) = (aA2,aA2, Eld) “.7)
with the homogeneous Dirichlet and Neumann boundary conditions

ou

= — = 0, on I' x R+ (48)
v
and
0
v=2Y_20, on T xRy, (4.9)
ov

where (f—v is the outer normal derivative, b is as in application (i), and a and a are positive
constants. Here,

B=A? or B=Id, (4.10)

s0 (3.1) holds for jo = 0 if B = A2, and for jo = 1 if B = Id. Therefore, (3.10) holds for
io=2ifB=A%andd =a — go. Otherwise, (3.10) holds for iy = 3.

Under the boundary conditions (4.9) and

u=Au=0, on I xR;, 4.11)

we can consider B = ZZN j=1 ax (b, | 8x ) where b;; are as in application (i) (so (3.1)

holds for jy = 1), and then we get (3.10) for ip = 3.
(>iii) Wave-Petrovsky:

n

. 9 9 P
(A, A, B) = —”Zl ™ (a,ja ),aA ,bId (4.12)

with the boundary conditions (4.3) and (4.9), where a is a positive constant, and @;; and b
are as in application (i). The operator B can be taken as in (4.2), which implies that (3.1)

holds for jo = 0if B = —Z[N/ 1 Bx (blj ax; ), and for jo = 1 if B = Id. Then, (3.10)
holds for iy = 3.
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(iv) Elasticity-elasticity: u = (uy, - - -, up)T,v=(vy, -+ ,on)7,
N
1 0 0 0
Au= — - — ikl | =—ur + — ,
B Jg;l 0x; <a1’kl <3xk " uk))

i 9 0
. —lanju | —w + —u
i 0x; Nk 0Xy ! 0x; k

k=1

J
N
1 0 0
Bu=—- by (L + 2 ,
! 2 (Z 0x; < H <3Xkul * 3XIuk))
ik, =1
N
d d 0
-, Z P <b1vjkz (8—u1 + 8—Mk>> (4.13)
e 0% X X
or
Bu = (biuy, - ,byup), 4.14)
and
Bw = (5111)1, s ,l;NwN)

with the homogeneous Dirichlet boundary conditions

uj=v; =0, on ['xRy,
where b; are positive constants, and a;jx;, d;jki, bijr and l;i, i,j,k,l =1,---,N, are
variable coefficients depending only on the space variable and satisfying the following

smoothness, symmetry, and coercivity conditions: a;jr, aijxi> biju € C L(Q) and l;,- €
C () such that, forall i, j,k,l=1,--- , Nand x € L,

i jk1(X) = ajigr (x) = aggij(x), ajjgr(x) = ajig(x) = aggij(x), bijri(x) = bjig(x) = bygij(x),

and there exist dy, dp, d3 > 0 satisfying, for all symmetric matrix (¢;;);; and x € €,

N N N N
2 ~
Y ajuejen =di Y e Y agueen =dy Y
i jkl=1 i.j=1 i, jokl=1 i.j=1
N N
b e > d 2.2
ijkl(X)€ij€pr > d3 €€
ik l=1 ij=1

and

min inf b;(x) >0 or max sup b;(x) < 0.
i=1,- N xeQ i=1,,N ccQ
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Condition (3.1) is satisfied for jo = 0 in case (4.13), and for jo = 1 in case (4.14).
Consequently, (3.10) holds for ig = 2 provided that (4.13) holds and a; jx; = a;jx — gobijki-
Otherwise, (3.10) holds for ig = 3.

For more details concerning the stability (and exact controllability) of single elasticity
systems with variable coefficients (depending on both space and time variables) and (internal
or boundary) dampings, we refer the reader to [46] and the references therein.
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