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Abstract. We prove some precise decay estimates of the energy for non-isotropic elastodynamic systems with some localized
dissipations. The damping is nonlinear and is effective only in a neighborhood of a suitable subset of the boundary, we study
both degenerate and nondegenerate cases. The method of proof is direct and is based on the multiplier technique and on some
specific integral inequalities.
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1. Introduction and statement of the results

Let £2 be a non-empty bounded open set in R (n € N*) having a boundary I of class C? and let Qijkl
be functions in W 1-°°(§2) such that

Qijkl = Qklij = Qjikl 0 §2
(all indices run over the integers 1,2, ...,n), satisfying the ellipticity condition
QijkI€ijERL = QEjj€ij in §2

for some fixed a > 0 and for every symmetric tensor ¢;;. (We shall use the summation convention for
repeated indices.)
For a given function u = (uy, ..., u,): 2 x R™ — R™ we shall use the notations

1
€ij = 5 (Wi + uja), Tij = QijkiEkl»

where Uj,j = aui/axj and Uji = a’LLj/a.’Ei.
Throughout this paper, we will use the following notations. Fix a point z° = (z9,...,20) € R, let
m(z) = z — 2°, R = ||m|| Lo,

and we introduce three real Hilbert spaces H, V' and W by setting
H=(@)" ol = [ vwds,
n

|4

I

H )", 2 — (0)esi(v) de,
(HY () Io[l% /Q o v)es(v)dz
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where H)(2) = {v € H'(2): v = 0 on I'} (by the Korn inequality, it is clear that this expression
defines a norm on V'), and

W= (B2 N HY})", Il = /Q (Aviv; + 0j(0)ei; () da.

In this paper, we are interested in the precise decay property of the solution for elasticity systems with
a localized nonlinear dissipation:

ug' — 0455 T ll(x,u;) =0 inf2 xR,
u; =0 onI xRT, (P1)
ui(0) =u? and u[(0)=1u] inf2
where li(z,u;) = bi(z)gi(ul), b € L*(§2), are bounded nonnegative functions and g;: R — R are
non-decreasing continuous functions such that g;(0) = 0 and satisfying, for a constant ¢ > 0,

lgi(s)| < ¢ (1+s]), forallseR.

The well-posedness of problem (P1) can be established by standard nonlinear semigroup theory
exactly as, e.g., Guesmia i3] in the case bi(z) = 1 for all z € 2, we omit the details here. Let
(u®,u') € V x H and u be the unique solution of (P1) in class u € C(R*; V)N CY(RT; H), then
a simple computation shows that the energy of u defined by the formula

1
EQ®) = 3 /Q ('u,'iu'i 4= O‘ijEij) g, te RT, (1.1)
satisfies
F@)= —/ biuigi(uf)dz <0, teR™; (1.2)
0

hence the energy is non-increasing.
Stabilization of the wave equation using a locally distributed damping was studied by several au-

thors, under different hypotheses. Among these, we can mention Zuazua [9], Nakao [7] and Tcheugou¢
Tébou [8]. The semi-group approach or differential inequalities was used M a S

exponential or polynomial decay of the energy.

Zuazua [9] studied the semilinear wave equation where the damping term is linear and effective in an
open nonempty subset of the domain contained the whole boundary I'". The author considered only the
nondegenerate case and he obtained exponential decay of the energy. Nakao [7] generalized these resu\t.s
to the nonlinear case where the damping p(z, u') behavies like a(@)|u|"v’ with r > —1 and a(z) is
effective onlty in a neighborhood of a subset of the boundary. Nakao [7] considered also the degenerate
case with a linear damping, he proved a polynomial decay of the energy for initial states belonging to

(H™($2) N Hy(D) x (H™($2) N Ho($2))

with m € N* and 2m > n.
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The method applied in these two papers is based on the multiplier technique, on some differential
inequalities and on compactness—uniqueness argument to absorb lower-order terms. In the degenerate
case, Nakao [7] used also the fact that the solution belongs to

() CF(R*; H™1=k(2) n Hy(2)) N C™ ! (RT; L2(12)).
k=0

In the nonlinear case, this property of solution is no longer true in general, and then the question con-
cerning the stabilization in the degenerate case with a nonlinear damping remains open.

In [8], Tcheugoué Tébou removed the condition 2m > n assumed by Nakao [7] and obtained the same
decay estimates as in Nakao [7] for the linear wave equation assuming the same condition on intial states.
In order to get rid of lower-order terms, Tcheugoué Tébou [8] introduced an auxiliary elliptic problem
whose solution was used as multiplier, instead of the unique continuation property and the compactness
argument used by Zuazua [9] and Nakao [7].

Concerning the stabilization of elasticity systems with localized dissipations, no result is known until
now. In this paper, we consider nonlinear elasticity systems with a local degenerate or nondegenerate
dissipation. Our results generalize and improve some of the results obtained in the papers mentioned
above. We give sufficient hypotheses on the functions g; so that we can obtain precise decay estimates
of the energy. In the degenerate case, we give a positive answer to the question cited above where we
impose that the initial states belong only to

(H*(£2) N HY($2)) x H}($2).
Additionally, in the linear case and for n > 2, we obtain a decay rate sharper than the one obtained in
Nakao [7] and Tcheugoué Tébou [8].

We give now some decay estimates of the energy E(t) ast — oo. Let ¢j,c; > 0 and p,r > 1 be four
fixed constants such that the functions g; verify the condition, for all s € R,

cymin{|s|, |s|"} < |gi(s)| < comax{]s], |s|'/P}. (1.3)

Remark. We have many possibilities to take the functions g; such that conditions (1.3) is satisfied, for
example,

Ly Jagls|™ s if]s| <1,
9i(s) = {ais if |s| > 1,

where a; > 0 and we take ¢; = min{a;}, c; = max{a;}.

As similar cases we know the following results:

1. If b;(z) > 0 on {2, then (without assumption (1.3))
E(t) — 0, ast— oo.

This result can be proved directly by applying the LaSalle’s invariance principle.
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2. If r = pand b;(x) > € > 0 on {2 (we can take in this case b;(z) = 1 for all z € 2 without loss of
generality), then

Et)<ct PV t>0,ifp>1, (1.4)
and
E® < E@©)e!™t, t>0,ifp=1, (1.5)

where ¢ > 0 depends on F(0) and wy > 0 is independent of the initial data. The estimates (1.4)
and (1.5) were proved in Guesmia [3].

Let us consider a more delicate case. For this, we introduce
I'y ={z € I'' m(z).v(z) > 0},

where v denotes the outward unit normal vector to I". We suppose that there exists a neighborhood w of
I', (which means that w is the intersection of {2 and a neighborhood of I in R™), such that

bi(x) > by >0 onw, (1.6)
or

bi(z) >0 onw and /b;"'(a:)dx < 00 (1.7)
w

for some p’ > 0 such that
Pp—1)>2 and p'(p—1 =n. (1.8)
We impose also on a;;; the following condition: there exists a constant y > 0 such that

(2aijk1 — MpOpQijkl)EijERL = YQijkl€ij€KI N §2 (1.9
for every symmetric tensor €;;, where 0,a;jx = 0a;jki /0x,. We can get condition (1.9) by taking t
derivative of a;;x; small with respect to a;jk;. If a;jx; = const, then of course we have v = 2.

Our result read as follows:

Theorem 1.1. Assume (1.9).

1. Under the hypotheses (1.6) and (1.3) with r = p we have, for every (u®,u') € V x H, the energy !

verifies the estimates (1.4) and (1.5).
2. Under the hypotheses (1.7), (1.8) and (1.3) with r = 1 we have, for every W, u)y e WxV, th
energy E verifies the estimate (1.4) with a constant c > 0 depending on the solution u.

¥
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Remarks. 1. Assumption (1.3) implies that the functions g; are not bounded. In [3], we have proved
some decay estimates in the case b;(z) = 1 for all z € 2 even if the functions g; are bounded. These
estimates seem to be proved in the case of (1.6). In order to keep this paper not too long, we only consider
the case of (1.3).

2. The decay estimates will be proved under the restrictive condition (1.9). This condition has been
assumed in Guesmia [2] to obtain the observability inequalities for (P1) with b; = 0. The general case
remains open.

3. In the nondegenerate case (1.6), stabilization results can be obtained without any growth condition
on the functions g; at the origin; that is, we consider condition (1.3) only for s € R such that |s| > 1,
by using microlocal estimates as was done in [5] for the wave equations. Unlike our results, due to an
indirect compactness—uniqueness argument, the decay rates will not be explicit in this case; they are
usually described by a nonlinear dissipative ordinary equation. Similarly, applying a method developed

in [6], we can remove condition (1.3) for s € R such that |s| < 1 and we obtain a decay rate of this form:

2
E@®) < 40“(%)) , Vt>0,

where G(s) = sg(s) for all s € R and c is a positive constant. To do so we need additional conditions
like: the fuctions g; are of class C'! and they are Lipschitz or they are odd.

On the other hand, these two methods mentioned above seem to be not applicable in the degenerate
case (1.7) due to the degenerescence of b;. In order to make the paper not too long we do not study these
questions here.

2. Proof of Theorem 1.1

The proof of the decay estimates is given by combining the ideas in Guesmia [2,3], Tcheugoué Tébou
[8] and Zuazua [9]. We are going to prove that the energy satisfies the estimate

/ - E®tD/2(4ydt < cE(S) 2.1)
S

forall 0 < S < +o00. Here and in the sequel we shall denote by c diverse positive constants. We recall
that if a nonnegative and nonincreasing function E: Rt — R™ satisfies the estimate (2.1), then it also
satisfies (1.4) and (1.5) (see Guesmia [3, Proposition 3.7]). Then Theorem 1.3 will be proved if we
establish inequality (2.1).

Remark. All computations that follow will be justified for strong solution; that is W,u) e WxV
(see Guesmia [3, Theorem 1.2]). Since the constants ¢ and wy in (1.4) and (1.5), respectively, will not
depend on u in the nondegenerate case (1.6), once the estimates (1.4) and (1.5) will be estabilished
for strong solutions, they will be also satisfied for all weak solutions by an easy density argument. In
the degenerate case (1.7), this is not possible because the constant ¢ in (1.4) will depend on u; more
precisely, ¢ = c(||u|| Loo(r+:1)), hence in this case, the estimate (1.4) is proved only for strong solutions.
Concerning the weak solutions, the estimate (1.4) seems to be not true in general because they do not
have the property (2.20) below.
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We start this section by giving an explicit formula satisfied by energy. Integrating the estimate (1.2)
over [S, T, where 0 < S < T < oo, we obtain easily that

T
R — hes
/S /ﬂ b gs () dz dt = E(S) — B(T) < E(S). (2.2)

In order to prove (2.1) we proceed in several steps. —
Step 1. We multiply Eq. (P1) by 2 E®=D/2(t) i, With a vector field h € (Wheo(2))". We easily
obtain the identity (as in the proof of identity (2.4) in Guesmia [2])

Sl ‘7’"
T
/s E®V/2(t) /ﬂ (2him,jOijuim + (dIV h)(uj} — oijeis)) do dt
T T
= /S E®D() /F (h.v)ojei; AT dt + [S E®~ V(1) /Q han(@masj)eni€is 47 At
7 S
—2 / E®~V/2(t) / ham s mbigi (u;) dz dt + [ZE(”'”/Z(t) / hn i m drc]
" 0 7} T
il
+-1 / EP-IH)E' () /ﬂ B i, A Gt 2D
S

Using the definition of energy and the Holder and Korn inequalities, we find that

\ZE(p—l)/Z(t) /Q hmui‘mu'i dz| < cE(p+1)/2(t)

and

\(p —HE®PIPHE'®) /Q hotis mtd, dz| < cE@7V2(@)(—E'®)-

Using the nonincreasing of energy, we deduce that the last two terms of (2.3) can be easily majorized
by cE®+Y/2(S). Then, applying identity (2.3) with h, — m and using (1.9) and the definition of Iy, we
conclude the estimate

i
/ E®V2(t) / ((y = n)oijeij + nuju;) dor dt
S n

7
< —2/ E(P—l)/Z(t)/ mui kbigi (u5) dz dt + cEPTV/A(S)
o Q

T
+R / E®-V/2(¢) / oijei; AT dt. (2.4)
S T

We take now in (2.3) a function h € (W 2°(£2))" such that

h=v only, hy>0 onI'’ and h=0 on @°,
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where @ is another neighborhood of I, strictly contained in w (see Zuazua [9] and the references cited

there for the construction of this vector field), we deduce
T
/ E®-D/2(¢) / oijeij Al dt
S iy
T T
£ / EP-D/2t) / (hv)osjes; dTdt < / B2 / (h.)oijer; AT dt
s Ty s r
T
<c / E®=D/2) /~ (0ij€ij + ujul) dz dt + cEPTV/2(S)
S w
T
+2 / E®=D/2(t) /~ R i mbigi (u}) dz dt.
S w
On the other hand, we have, for any € > 0 (note that b; is bounded),
T
’2 / E®-D2t) / miu; kbigi (uf) dz dt‘
s o}

e (T pin2 T -1 2(.1
< = / E? (t)dt + c/ E? (t)/ big; (u;) dz dt,
2 S n

T
}2/ E(p—l)/z(t)[ hmui,mbigi(ug) d(L‘dt}
S w

T T
<= / E®tD24)dt + ¢ / E®=D/24) / big? (ul) dz dt.
2R Js s )

Combining the above inequalities for € € ]0, 1[ with (2.4) and (2.5) we deduce
T
/ E(p_')/z(t)/ ((y = n)oijeij + nuju;) dz dt
S (9]
T T
< cEPHD2(8) 4 ¢ / E®=D/2(¢) / big? (u}) dz dt + ¢ / EPD2tydt
S 0 S

T
+ C/ f’j(p_l)/?'(t)/~ (aijeij o u;u:) dz dt.
S w

(2:5)

(2.6)

Step 2. We now estimate the quantity [o E®~V/2(t) [50ijeijdzdt. We multiply Eq. (P1) by

E®-D/ 2(t)n(:v)u,- withn € W hoo(£2). Integrating by parts we obtain the following identity:

/i J:
/ E(”_l)/z(t)/ n(oijeij — uzu;) da dt +/ E(p_')/z(t)/ (0;moiju;dz dt
S 9] S 0]

T S
- —-/ E(”_l)/z(t)/ nbigi (ui)u; dz dt + [E(p'”/z(t)/ nuiu; dz]
s Q Q T

P 1l /
+ —/ EP=VS(HE (t)/ nuiu; dz dt.
2 S )

2.7)
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Using the defintion of energy, the last two terms of this identity can be easily majorized by cE®+1/2(8),
Then, applying identity (2.7) with n = n — /2 we get

g (p—1)/2 i 11
./s E (1) /Q (n - 5) (oij€ij — uju;) dz dt
5
< cEPHD/2(5) (n - %) / E®-D/23) / bigi (ul)u; dz dt. (2.8)
s 2

We take now in (2.7) a function n € W1°(£2) such that

C

n=1 in®, 0<n<1l in2 and n=0 inw

(see Zuazua [9] and the references cited there for the construction of this function), we deduce
T i
/ E(p—l)/z(t)/va'ijsij dzdt S/ E(p_l)/z(t)/ N04jE4j dz dt
S w S 2
T
< cEPD/2(5) / E®~V/2) / Qjmoiju; dz dt
+ / EP-D/2p) / (uld], + bilgs () i) dz . 2.9)
We have
T T
/ E(”_l)/z(t)/ bi|gi (ui)u;| dz dt < c/ E(”'l)/z(t)/ (wiu; + bigf (uf)) dz dt,
S w S w
T T T
\ / E®-D/2() / (ajn)a,-juidxdt‘ <e / E®D2($ydt + ¢ / E®=D2() / wiu; dz dt
S w S S w

and
_Z e el
n E () bz gi (uj)u; dz dt
<e / E<P+”/2(t)dt+c / E®=D/2(t) / big? (ul) dz dt

for any € > 0. Combining the above inequalities with (2.6), (2.8) and (2.9) where ¢ is taken small enough,
we deduce (note that @ C w)

P T

/ E®D2(4)dt < cEPD2(S) + ¢ / E®-D/2) / big? (u}) dz dt
s s 2

T T

+c/ E(”_l)/z(t)/ uiu dmdt+c/ E(p_')/z(t)/ u;u; dz dt. (2.10)

s w s w o8

Step 3. To absorb the last integral of (2.10), we adapt to our system, the method given by Tcheugoué
Tébou [8] in the study of the linear wave equation. We prove then the following lemma:
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Lemma 2.1. For any given € > 0, we have

i T
/ E(P—l)/z(t)/ uju; dz dt < E/ E®D21)dt
S w 8
<y
+cE(P+‘)/?(S)+c/ E(P—1>/2(t)(/ wiu dm+/ bigf(UQ)di’?) dt.
s w =

Proof. For every t € R™ let us denote by z(t) the solution of the problem

—0ij,j(2) = x(W)u; in 2,
=0 0on.l.

where x(w) is the characteristic function of w. Then we have
/ wiz; dzr = / x(Ww)uizider = — / 0ij,j(2)zidzx = / oij(2)eij(2) dx = [[zH%/
w 2 9] i[9}
Since
2113 < c/ wiu; dz
w
(the constant c is not depending on w). Applying (2.12) with «/ instead of « we also obtain

121 < ¢ [ uiuida.

w

Let us also observe that
/uiui d:cz/ x(w)uiuidm‘:—/ 0ij.5(2)u; dxz/ 0;j(2)gij(u) dz.
w 2 N 9]

Multiplying Eq. (P1) by 2z E®@=V/2p), integrating by parts and using (2.14) we get

T (T
/ E(P~l)/2(t)/ wiu; dz dt = / E(P—l)/2(t)/ (Z:u; — 2;big; (u;)) dx dt
S w S n
+ [E(”“”/z(t) / 2t dx} TR k. / EPI2)E (1) / ziuf dz dt.
7 T 2 Js 0

2.11)

2.12)

(2.13)

(2.14)

(2.15)

Using (2.12), the last two terms of (2.15) can be majorized by cE®*+D/2(S). On the other hand, using

(2.12), (2.13) and the Young inequality,

T T 15
/ E(p—l)/z(t)/ PAT dxdtgs’/ E(p_l)/z(t)/ i d:vdt+c/ E(p_l)/z(t)/ Zzidxdt
S (9] S 9} S 9]

4 T
Sel/ E(p_l)/z(t)/ i, dxdt+c/ E(p_”/z(t)/ wul dr dt,
S 0] S w

—
—
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1 T :
—/S E®-D/2(t) /Q z;bigi (uj) dzdt < /s E("“)/z(t)(e’/nz,-z,-dxdt + c/ big? (uf) dzc) dt
o)

T iy
<€ /S EP-D/2(t) / wgui dzdt + ¢ [9 E®V/2(t) / big (u;) dz dt
> 2

for & €10, 1[. Substituting these two inequalities into (2.15) and taking € = 2¢' [(1—€") we derive (2.11).
gh, it follows from (2.10) and (2.11) that
3

Now, we take € > 0 small enou
ik T
/S E@V2(pydt < cEPTVAS) +e / E@-‘>/2(t)( / wiu; de + / big: (us) dx) dt. (216
S w N

), using assumptions (1.6)~(1.8) and (1.3), we prove the

10

Step 4. To estimate the last integral of (2.16
following lemma:

Lemma 2.2. We have, for all't € RY,

2/ +1) 2.17)

/n big? (u}) dz < —cE'(t) + c(-E'®)

and
I (2.18)

f wiugdz < —cE'(t) +c(—E'®
w

0 arbitrarily and set (as in Guesmia [3])

f ={re |ui(@)| > 1}.

Proof. Fixt >
2y ={ze lui(@)| < 1}

and the Holder inequality, we have (note that b; is bounded)

2@+ gz < c(/ biugi (us) d(E)
2

Using the growth assumption (1.3)
2/(p+D

[ b <e [, Guis)

2/(p+1) 2+

< c( /(z biusgi () dm) < c(-E'®)
(we applied (1.2) in the last step) and

/n+ bigs (uj) dz < ¢ /Q+ biulgi (uj) dz < —cE'(t).

i

Taking their sum we obtain (2.17).
To prove (2.18), we use (1.6) or
Assume (1.6). Then (note that, in this case, W

1 1
/u’iu'ida: &£ 3'/ biubu; dz < 5—/ byuu; dz,
w 0 Jw 0 J 2

(1.7) and (1.8).
e have assumed that 7 = P)
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hence, using assumption (1.3), we may prove in the same way the estimate (2.18).
Assume (1.7) and (1.8). We have (r = 1)

cllz| < |gi(z)|, forallz € R. (2.19)

Because the initial states (u°,u!) € W x V, then the solution u of (P1) satisfies (see Guesmia [3,
Theorem 1.2])

u' € L®(R*; V). (2.20)

Putg=1+4/@'(p— 1) —2) (note that g € [1,00[ and (n — 2)q < n + 2). Then, applying the Holder
inequality and using (2.19), (2.20) and the injection V C (L97!(£2))", we get

2(p—1 1 - 1
[ widida= [ PV Y0 d
w w

2p-1) 2(p—1)

1 @+ Dp+1) ___4g+h “G)Ifm
c(/ ]u§|q+ d:z:) (/ |z | PHD@+D-2(p— l)dg;>
w

2(p-1)/(p+1) P @+, 7 S D) 1 T l_(Pi(”:qll”
L@y (/bi” PO /Pyl | e+ D+ D-2(p—1D) dz)
w

: PR = )
g N ranywammm— . .| BN Ll S0 by s ey
€ b, " dx bi|u;] @+D@+D-20-D dr
w w

2/(p+1) 2/ +1)
c(/ﬂbiuggi(ug) dm) < c(-E'@®)""

property (1.2) is used in the last step and note that

P+ 4q+1) _, P (1_ 20— 1) )2 2
P etD@+D-2p-D pHI\L @+h@+D) p+l

Then (2.18) follows.
Substituting the estimates (2.17) and (2.18) into the right-hand side of (2.16), we obtain that

T T
/S E(t)(p+1)/2 dt < CE(S)(p+l)/2 i C/S (—E(t)(p—l)/zE/(t) s E(t)(P—l)/Z(_E/(t))Z/(p+l)) 4t
1!
< CE(S)(p+l)/2 4 c/ E(t)(P—l)/z (—El(t))z/(pH)dt_
S

Using the Young inequality, for any fixed ¢ > 0 we have

E(t)(p—l)/Z (—E'(t))Z/(pH) < 5E(t)(p+l)/2 " Cs(l—p)/Z(_El(t))'
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Therefore, using the nonincreasing of energy,

T T
(1—¢) / E@®)PD2 4t < cE(S)®+V/2 4 ce1-9)/2 / (—E'(t)) dt
S S
< c(l + E(l—P)/2)(] + E(S)(”‘”/Z)E(S) < c(l + 5(1—p)/2)(1 + E(O)(p_“/z)E(S);
choosing 0 < & < 1 and letting 7" go to infinity, the desired estimate (2.1) follows.
Remarks. 1. If the functions g; are linear, that is, g;(s) = d;s for all s € R with d; > 0, then condition
(1.3) is satisfied for all p € [1, oo[. Then we obtain an exponential decay in the nondegenerate case (1.6).
And in the degenerate case (1.7) we obtain, taking p = n/p' + 1if n > 3and p = 2(1 + ¢)/p’ + 1 if
n = 1,2 with € €]0, 1] (then (1.8) is satisfied),
E@)<ct /" t>0, ifn>3, (2.21)
and
E®) < ct™P/0+9) 50, ifn=1,2. (2.22)
Forn > 2, (2.21) and (2.22) give a decay rate sharper than the one obtained by Nakao [7] and Tcheugoué
Tébou [8] for the linear wave equation. Additionally, no conditions are required to be imposed on the

degenerescence of b; unlike the restrictions assumed in [8].
2. We consider the non-isotropic elastodynamic system with potential of type

u;=0 onI xR™, (P2)

{ w! — oijj + qiui + li(z,ul) =0 in 2 x RY,
ui(0) =v) and w(0)=wu! inf2,

where g; € L°°({2) are bounded nonnegative functions. If max;{ ||;|| Lo(s)} is small enough, then results
analogous to Theoerem 1.1 can be obtained using the method developed above where the energy of (P2)
is given by

1
E@t) = E/ (u;u; + 04j€i5 + qzuf) dz, teRT.
N
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