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INSTABILITIES FOR SUPERCRITICAL SCHRODINGER
EQUATIONS IN ANALYTIC MANIFOLDS

BY LAURENT THOMANN

ABSTRACT. — In this paper we consider supercritical nonlinear Schrodinger equations
in an analytic Riemannian manifold (M?, g), where the metric g is analytic. Using
an analytic WKB method, we are able to construct an Ansatz for the semiclassical
equation for times independent of the small parameter. These approximate solutions
will help to show two different types of instabilities. The first is in the energy space,
and the second is an immediate loss of regularity in higher Sobolev norms.

1. Introduction

Let (M?, g) be an analytic Riemannian manifold of dimension d > 3. In all
the paper we assume that the metric g is analytic. Let p an odd integer.
We consider the nonlinear Schrodinger equation

10+ Agu = wluP"tu, (t,z) €R x M4,

(1) u(0,2) = uo(a),

with either w = 1 (defocusing equation) or w = —1 (focusing equation).
Here A = A, denotes the Laplace-Beltrami operator defined by A = divV.
It is known that the mass

(1.2) lu(@)llL2(aray = lluollL2(ara),
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and the energy

(1L3)  H(u)) = /Md (3190 + =Sl de = Hluo,)

are conserved by the flow of (I1l), at least formally.
Denote also by
1

(1.4) Ht(u) = /Md (%|Vu|2 + o

In the following we will need the definition of uniform well-posedness :

|u|p+1)d$.

DEFINITION 1.1. — Let X be a Banach space. We say that the Cauchy prob-
lem (ILTJ) is locally uniformly well-posed in X, if for any bounded subset B C X,
there exists 7 > 0 and a solution u € C([~T,T]; X) of (L) and such that the
flow map

ug € Br— u(t) = Pt(ug) € X,

is uniformly continuous for any -7 <t <T.

1.1. Instability in the energy space. —

By the works of J. Ginibre and G. Velo [10], T. Cazenave and F. B. Weissler
[7], we know that (LI is locally uniformly well-posed in the energy space
X = H'RY) N LrHL(RY) = HY(R?) when p < (d +2)/(d — 2).

Our first result states that this result does not hold when p > (d + 2)/(d — 2)
is an odd integer.

THEOREM 1.2. — Let p > (d+ 2)/(d — 2) be an odd integer, w € {—1,1},
and let HY be given by (LA). Let m € M?. There exist a positive sequence
7 — 0, and two sequences ul,ug" € Cg°(M?) of Cauchy data with support in
the ball {|:c —m|y < rn}, a sequence of times t, — 0, and constants ¢,C > 0
such that

(1.5) Ht(uf)<C, H'(u") <C,

(1.6) H*(uf —up") — 0, when n — +oo,

and such that the solutions u™, @™ of (LIl satisfy

(1.7) limsup/ ‘(u" — ﬂ")(tn)|p+1dz > c.
M4

n—-+4oo

Moreover, the sequences uf},ug" can be chosen such that there exist v > 0 and
qo >p+1, such that for all 0 <v <wvg and p+1 < q < qo,

(18) ||’LL8 — :l-,t\o/n”HlJru(]\/jd) + ||’LL8 — UNOHHLq(Md) — 0.
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For k € R, the norm || - [| g 54y is defined by

HfHHk'(Md) = H(l - A)k/2f||L2(Md)-

R. Carles [6] obtains a similar result for the defocusing cubic equation in R.
An analog of Theorem was proved by G. Lebeau [13] for the supercritical
wave equation, but for a nonlinearity of the form u?. After a rescaling of ([I.TI)
to a semiclassical equation, we also have an almost finite speed of propagation
principle. This is one reason why such a result was expected for nonlinear
supercritical Schrodinger equations.

1.2. Tll-posedness in Sobolev spaces. —

Assume here that (M, g) is the euclidian space with the canonical metric
(M9 g) = (R% can). Let T' > 0 and let u :] — T, T[xR? — C satisfy (LI).
Then for all A € R

u: ] = AT AT 2T (xR — C
(t,x) — uMt,z) = AFT u(\%t, \z),

is also a solution of (LII).
Define the critical index for Sobolev well-posedness

d 2
1. - __ ]
(9) e 2 p-—-1

Then, for all f € H°¢(R%) (the homogeneous Sobolev space) and A € R
AP M) froe may = 11| groe (ray-

This scaling notion is relevant, as we have the following results :

e Let 0 > o, then the equation (L)) is locally uniformly well-posed in X =
H7(RY), [10], 1.

e If 0 < 0 < o, the problem () is ill-posed in H°(R?), in the sense that
there exist a sequence of initial data ug so that

llug |l o (may — 0,
and a sequence of times ¢, — 0 such that the solution u™ of (II)) satisfies
l[u™ ()l o () — +00,

for p = o (see Christ-Colliander-Tao [9]), or even for all p €]o/(% — 0),0] in
the particular case w =1 and p = 3, (see Carles [5] and Alazard-Carles [2]).

Here we prove
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THEOREM 1.3. — Assume that (M9, g) = (R% can). Let p > 3 be an odd
integer, w € {—1,1}, and let 0 < 0 < d/2—2/(p—1). There exist a sequence
uf € C°(R?) of Cauchy data and a sequence of times T, — 0 such that

(1.10) 46 fro (ray — 0,  when n — +o0,

and such that the solution u"™ of (L)) satisfies
(1.11)

la" (7o) || o (rey — +00,  when n — +oo, forall pe =

In the general case of an analytic manifold (M?, g) with an analytic metric g,
we obtain the weaker result

THEOREM 1.4. — Let p > 3 be an odd integer, w € {—1,1}, and let 0 < 0 <
d/2—2/(p—1). Let m € M?. There exist a positive sequence r, — 0 and a
sequence il € C8°(M?) of Cauchy data with support in the ball {|z—m|g < rn},
a sequence of times T, — 0 such that

4G o (aray — 0,  when n — +o0,
and such that the solution @™ of (L)) satisfies
[ @)l aoqaray — o0, when n— too, for all pe|I().0].

where 1(0) is defined by

0
I(U){ o for %_i

In the case p = 3 and w = 1, Theorem [[3] was shown by R. Carles [5] using
the convergence of the WKB method for C*° data (see [11], [12] ). Recently, T.
Alazard and R. Carles [I] have obtained a justification for nonlinear geometric
optics when p > 3 with H*® data.

Consider now the semiclassical equation

4
P

o<

N
Sy
3

)

wla, =

2
p—1°

IA (VIS

(1.12) ihOw + h?Av = |v|P~ .

In [2], T. Alazard and R. Carles prove that for all non trivial initial condition
v(0,-) € S(R?), the solution v of ([IZ)) oscillates immediately: There exists
7 > 0 so that

1i£njélf 1AV ]*v(T)] L2 (ray > O,

for all s €]0,1]. This yields the result of Theorem [[3 for the defocusing equa-
tion in the euclidien space for any smooth Cauchy condition. Their method
does not apply to the focusing case.
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Denote by g1, the Sobolev exponent so that H7s»(R%) C LPT1(RY), i.e.

d d
1.13 == - —.
( ) Tsob = 3 p+1
Let p > (d + 2)/(d — 2), then ogp < 0c. As pointed out by G. Lebeau and R.
Carles, for 0 = osop, Theorem [L3] yields

13 1720 ety — 0, 18" (72| 10 sty — +o0,
for all p €]1,04p]. This interval can not be enlarged. Indeed, for all p < 1,

the conservation of the quantities (IL2) and (3] together with the embedding
Heosv (RT) C LPHH(RY) yield for all 7 > 0

" (7) || zre (ray — 0.
See also [4].

G. Lebeau [14] obtains a stronger result for the wave equation in (RY,can),
with the same range for p in (ILII]), but the loss of derivatives is obtained with
only one one Cauchy condition, instead of a sequence.

Theorem can not be deduced from Theorem In fact, the sequences
constructed with ¢ = 1 such that

lag | e (arey — 0, (@" (7)) | 2 (arey — +o00,

satisfy Ht(ua{}) — +o00, when n tends to infinity.

The instabilities of Theorems [[.2] [[L3] and [[L4] are not geometrical effects, they
are only caused by the high exponent of the nonlinearity.

We could also consider more general analytic nonlinearities, for instance

+(1 + [u)?)*/?u with a > (d +2)/(d — 2).

Notice that the focusing case with non analytic Cauchy conditions is more in-
tricate, as other phenomenons are involved, like finite time explosion.

The main ingredient of the proof of our results is the construction of approxi-
mate solutions of (ILT), via analytic nonlinear geometric optics, as done by P.
Gérard in [I1]. This work will be adapted to the case (M?, g) = (R%, can). We
will work in weighted spaces, so that these solutions concentrate in a point of
R4, and then the construction in (M¢?, g) will follow directly, as we are able to
work only in one local chart.

The plan of the paper is the following

1. We first construct a formal solution of (L.TJ).

a) In Section 2l we deal with the case (M?, g) = (R%, can) : First we reduce
(I to a semiclassical equation as done in [I3] and [5], then we adapt the
analytic WKB method given in [11] to R

b) In Section we consider the general case of an analytic manifold with



6 LAURENT THOMANN

an analytic metric.

2. We obtain a family of approximate solutions of (III). (Section [3])

3. Using two different rates of concentration of this family, we prove the main
results. (Section [4))

NOTATIONS 1.5. — In this paper ¢, C' denote constants the value of which may
change from line to line. These constants will always be independent of h. We
use the notations a ~ b, a < b if %b <a<Cb, a<Cbh respectively. We write
a < bifa< Kb for some large constant K which is independent of h.

ACKNOWLEDGEMENTS. — The author would like to thank N. Burq his adviser
for this interesting subject and his guidance, and P. Gérard for giving his per-
mission to reproduce a part of the work [I1] in the appendiz. The author is
also grateful to S. Alinhac and T. Alazard for many enriching discussions and
clarifications.

2. Nonlinear geometric optics
2.1. The Euclidian case. —

2.1.1. Reduction to a semiclassical equation. — Following [13], [5], we reduce the
equation () to a semiclassical equation, and therefore make the following
change of variables and unknown function

3

(2.1)

t=h%s, x=hz, h=~hr
u(h®s, hz) = iv(s, z, h),

where h €]0,1] is a small parameter, and where § > 0. The value of 8 will be
given in Section [4] in terms of p and d to prove Theorem [[.2] and in terms of
p, d and o to prove Theorem [[.3

If we choose

(2.2) a=0+2 (p-1)y=-26+1),
we are lead to studying the Cauchy problem

ihOsv(s, z) + h2Av(s, 2) = wlv[P1u(s, 2),
{v((), z) = vp(z).

Following the ideas of nonlinear geometric optics, we can search a solution of
23) for small times (but independent of k) of the form

(2.4) v(s,z,h) = a(s,z, h)eis(s’z)/h,

(2.3)

where formally
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(2.5) a(s,z,h) = Z a;(s, z)h?.

Jj=0
Then v is a formal solution of equation (Z3) if the couple (S,a) satisfies the
system

9sS + (VS)? + wlagP~t =0,
(2.6) Osa +2VS - Va + aAS — ihAa + %(w*l — lagP™) =0,
S(Oﬂz) = SO(Z)v a(O,z,h) = a’O(Za h),

where v(0, 2, h) = a®(z, h)eiS’ /A,

In fact to obtain the system (28), plug 4] in equation (Z3) and identify
the coefficients in the expansion in powers of h. The first equation of (2.6])
corresponds to the coefficients of A%, and the second to the others, after division
by h. Notice that S will be a real function, if the data S(0,-) is real.

The WKB method consits now in plugging the developement given by (21
in (Z6). Annihilating the coefficients of h7, for j > 0, yields a cascade of
equations. And if we are able to solve them, this gives an approximate solution

Vapp Of (2.3))
(2.7) ihOsVapp + hQAvapp = |Uap1[,|’”71vale + O(h™).

Unfortunately, the obtained system is not closed: the equation which gives a;
depends on a;41.

Moreover, in general, using ([2.7)), we can show that vapp is close to a solution
of ([Z3) only for times s € [0, Chlog#]. See [L1], Corollaire 1.

To obtain an Ansatz for h-independent times, we work in an analytic frame.
Thus in the following we will consider z as a complex variable.

2.1.2. Construction of a formal solution of ([Z3). — Here we adapt step by
step the proof of P. Gérard [I1] given in the case of the torus T¢ to the case
R4,

We need Sjostrand’s definition [15] of an analytic symbol.

DEFINITION 2.1. — We say that the formal series b(s, 2,h) = >_ 5 b;(s, 2)W’/
is an analytic symbol if there exist positive constants sqg,l, A, B > 0 such that
forall 7 >0
(2.8)

(s,2) — b;(s,z) is an holomorphic function on {|s| < so} x {|Im 2| < I},

and

(2.9) bj(s,2)] < AB7j! on {|s| < so} x {|Im z| < [}.



8 LAURENT THOMANN

Notice that b has to be analytic in both variables, s and z.

To obtain proper estimates in Sobolev norms later, we want to make sure that
the functions are small at infinity in the space variable. Therefore we define
the weight

(2.10) W(z) = e+

where 22 = 22 + .- + 22 for any z = (21, -, 24) € C% Notice that W is

analytic in the band {|Im z| < 1}, thus in the following we fix | < 1.
We introduce the space H(sg, !, B) composed of the analytic symbols
b= ijo b;h satisfying: there exist A, B > 0 so that

(2.11) |W(2)bj(s,2)] < AB75! on {|s| < so} x {|Im 2| < I}, Vj > 0.

(2.12)  H(so,l,B) = {

b=3",50b;h’ is an analytic symbol on
({Is| < s0} x {{Im z| < 1}) s.t. b; satisfies (ZIT])
Let € < 1/B. For 0 < 0 < 1, we can endow H(sg, !, B) with the norms

’ j+0
blo =35 sp s sup (W5, (17— YT
>0 J:0<7<1 |s|<so(1—7) |Im z|<IT S0

Each of these norms makes H(so, !, B) a complete space.
In the following, fix 0 < ¢ < 1/B, and let 0 < h < e. Fix also sg, B > 0 and
< % Denote by

H = H(So, l, B),
and define
H® = H(0,1, B),

the restriction to s = 0 of H, endowed with the induced norms. This is the
space of the initial conditions.

We will solve the system (Z6]) in (H, | - ||1) with a fixed point argument. The
choice of the space and norms are inspired by abstract versions of the Cauchy-
Kowaleski theorem [3].

We first give some properties of these norms.

LEMMA 2.2. — There exists C > 0 such that for all 6 € [0,1] and b',b* € H
(2.13) 162 6%[lg < C16 [0 ]1?[lo-

Proof. — Set

Q= {(T,S,Z) [0<T <1, |s] <so(l—7), |Im z| <ZT},
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and denote by

sup = sup sup sup
Q 0<7<1 |s|<so(l—7) |Im z|<IT
Let
1_ 115 2 __ 213
p'=> "bihi, and b= BN,
j=20 j=20

be two elements of H, then b' b? can be written

00 J
(2.14) D07 = (D bpbi ).

j=0 k=0
It is easy to check that there exists C' > 0 so that
(2.15) (W(2)| < CIW(2)]%,
on [Im z| < 3. Therefore by 2.14) and (ZI5)

0 J

Hb1b2||9 = Zj—sup’W Zbk i (s, 2)|[(1—7— H)jﬂa

S
Jj=0 0

_CZZ sup|W bk(s,z)|(1—7'fﬂ)k

k=0 j—k 50
gi—k

mSuIﬂW( 2)b} ik (s, A1 -7- g)j,kJre

= [16*lo/16*[lo-

For |s| < sg, denote by d;! the operator defined by
(2.16) o7t = / b(o)do for beH,
0
and 972 = 0,1 0 9;1. We then have the following
LEMMA 2.3. — i) Let A be one of the operators
b Vb, b hALD, b %(b —by),

then there exists C > 0 such that for all h €]0,¢[ and b € H

(2.17) 185 Abll1 < Csob]l1-
it) For all 0 €]0,1], there exists Cy such that for all h €]0,¢[ and b € H
(2.18) 185 *bllo < Cosollbls-

iii) There exists C > 0 such that for all h €]0,e[ and b € H
(219) 1626l < Csobl1.
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Proof. — We can assume that ||b][; = 1. Then there exists a nonnegative
sequence d = (d;);>o satisfying >>;5,d; = 1 so that, for all j > 0, for all
0<7<1,|s] <so(l—=7), [Imz| <lr, we have

J! d;
(2.20) [W(2)bj(s,2)] <C=—-r-—TL—.

el (1 —7— Ly

S0

Denote by V =V,.
Proof of 1)
e We prove the inequality [|0;1Vb[|1 < Csol|b|1. Let 0 < 7 < 1, [s] < so(1—7)
and |Im z| < I7. Let 7 < 7/ < 1. By the Cauchy formula we deduce that for
all |s'| < |s] and |Im z| < I

C
sup  [b;(s,2).

/!
T =T |Im 2'|<l7’

Thus, as [VW| < |[W]|, for all |s'| <|s| and |Im z| < IT

[Vb;(s',2)| <

(2.21) W (2)Vb;(s',2)| < sup W (2")b;(s,2")|

!
T =T Im 2’| <iT’

Then by (2:20) and (Z21]) we obtain

<oty [M 1 dis'|

7/77(177/7%)%1'

}W(z) /05 Vb;(s', z)ds

We now make the choice

/ 1 |S/|
2.22 I — :1—/—m =21 - —
(2.22) T -7 T o ie. T 2( +7 So)’
then 7/ satisfies 7 < 7/ < 1 because 0 < 7 < 1 and |s'| < (1 — 7)sp.
Moreover, [2.22)) yields

1f7—/,M:1(1f7—fﬂ)
So 2 S0 ’

therefore

’W(z) /OS Vb;(s', z)ds

] s /
Scﬂ_-dj/ A
&7 )y (1—r— 1y

S0
J! sl —j—1 —j—1
SCSOE—de((l—T—;) J —(1—7’) J )
And thus, as |s| < so(1 —7)

(1 o L_SJ)J'H - CSO((l —(1- %)j—kl)dj

J s
67 W(z)/ Vb;(s', z)ds
J: 0
S CSOdj.
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Finally, by the previous inequality

j S .
105 Vo], = Z E—' sup sup sup ‘W(z)/ Vb;(s',z)ds’|(1— 7 — M)J—|r1
>0 J:0<7<1 |s|<so(l—7) |Im z|<IT 0 50
S CSOZdj S CSO,
Jj=20

which was the claim.

e The inequality h|0;1Ab||; < Csol|b||1 can be shown by the same manner,
using that h < € compensates the loss of one more derivative.

e Denote by b = (b —bo)/h, then for all j > 0, b}, = b;11. By [220)

T j+1 ettt

s

E=ito (1- 7)Y,

‘W(z)/ bit1(s', z)ds’ dip1((1—7—
0

and therefore, for all 0 < 7 < 1, |s| < so(1 —7), Im z| < It and j >0

|
50

gl

W Sb4 ' A4S (1 — _Mj+1<8_01_1_ij+1d4

W@ [ bt as]a - r - 2t < - - —Hpay,
SCSodj+1.

This yields h=1||071(b — bo)||1 < Csol|b||1 for fixed & > h.

Proof of ii)
By integration of inequality (Z20), we obtain for all j > 1

’ J! s\~ —j
‘W(@/O by, 2)ds'| < Csody (L= = 27 = (1= 7)),
J! |s| —j
SCS();dj(177'7£> ,
hence
J s j+6
(2.23) E—’I/V(z)/ b;(s',z)ds’ (1 -7 — H)] < Csod.
J! 0 S0

For j = 0 we obtain

’W(z) /05 bo(s', z)ds’ |

§Cso(log(lfT)flog(lfoSio|)),

then
(2.24) ‘W(z) /O‘S bo(s', z)ds’

By the definition of || - ||g, inequalities (Z23) and (224 give the result.

The proof of 4ii) is similar, and is left here. O

(1 — T — g)e < Cspdp.
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LEMMA 2.4. — There exists C > 0 such that for all h €]0,¢[ and b*,b* € H

(2.25) 1050 (95 0%) | < Cs2 (1[4 [16%])1-
Proof. — Write
_ _ e s -
IO 07 )l = Z]—Sgplw Za o791 7 - Ly
j=0
< CZZ sup|W ;7 (s, 2)|(1— 7 — |5 |)
k=0 j=k k! S0
sl 5—k+3
1p2 1—7— = 2
( i sup|W( )05 b5 (s, z)|( T So)

= C [lo7 I3 lloF 1lelg,
and then by Lemma 23 4i) with § = 1/2, we deduce
1070 (076%) 1 < CsglIb! 111671
(]

PROPOSITION 2.5. — Let S° € HY(I, B) be a real analytic function, and let
a’ € HO(I, B) be an analytic symbol. Then there exist so > 0, a real analytic
function S € H(so,1, B), and an analytic symbol a € H(so,l, B), such that v =

ae’S'" s a formal solution of equation (Z3) with Cauchy data vo = a 04iS°/h,

REMARK 2.6. — By the Cauchy formula, the function v = ae*S/" satisfies for
allk e N
(2.26) sup sup |(1 — hQA)k/2v| <e 2l
|s|<so |Im z|<l/2
and
(2.27) sup sup |(1- h2A)k/2|v|p—1v| < o7l

|s|<so |Im z|<l/2

This will be usefull in the sequel.

Proof. — The proof is based on a fixed point argument in (H, || - ||1)
Set ¢ = V.S and differentiate the first equation of (Z.6]) with respect to the
space variable, then we obtain

dsp = —2¢p - Vo —wV f(ao)
(2.28) iwa

0sa = —2¢ - Va— adivp + ihAa — T(f(a) — f(ao)),

where @(s, z) = a(5,%z) and f(b) = (bb)“z
Differentiate the system (2.28) with respect to s and obtain
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D2p=— 205 - Vip — 20 - Vs — w0,V f(ag)

(2.29) afa: —205p -V —2p - VIsa — adivisp — Osadivy + ihAdsa
B0 ()~ Fan) ~ 20,(f(a) ~ f(a0)).
Write
2,30 { Dsp = 071 (920) + 050(0, -),
dsa = 071 (0%a) + 05a(0, ),
and
(2.31) {w=552(5§s@) +5050(0,7) +¢(0,-),
a = 0;%(0%a) + 505a(0, ) + a(0, ).

Now introduce the new unknown function u = (ui,u2) = (02¢,%a). Hence
we are lead to solving a system of the form

(2.32) u=F(s,u).

We will show that for 0 < sg < 1 small enough F' is a contraction in a ball in
(H, |l - Il1)- Let R > 0 be such that

(0, )0, [10s¢(0, )0, [[V(0, )0, Vs (0, )0, |ADs(0, ) [lo < R,
and
(0, -)[lo, [|05a(0, )[|o, [[Va(0, -)[|o, [[VIsa(0, -)[o, [ Adsa(0, -) o,
[(a —a0)(0,-)/hllo, [|0s(a — ao)(0,-)/hllo < R.
o Write
DoV = (9,192 4 950(0,-)) -
(07107 'V)(92) + sV D0(0,) + Vip(0, -))
Then by (225) and (213
105Vl S soll0Zelh |05V (020) |1 + RI0; 07 ¢lly
+R|07HO7 V)92 0)lh + R?,
and by (2I7) and (2I3)
10seVelli < splldZelli + soRIO2¢el1 + R
(2.33) < sglldZell; + R
e Similarly we obtain

(2.34) leVaspll S sglloZelli + R?,



14 LAURENT THOMANN

and
(2.35)
10s¢Vallr, |l9Vsall1, [ladivdselr, [|0sadiv el S s§lld2¢ll1|07all + R.

e We have
(236) Vs f(ao) = V792 f(ao) + Vs f(a0)(0, ).
By the Leibniz rule and (Z13)
102 £ (ao)llr < 192aoll1 laoll5 ™% + [|(Dsa0)*[l1llaoll5~>.

From (Z31)) and (219)

(2.37) laollo < 105207 acllo + R < solldFaolls + R.
Now use ([2.30), (220) and (2.I])
(2.38) 1(9sa0)?[l1 < s5l10Zaollt + R

Finally, from 230), (Z317) and (Z38) we deduce
p=1 p-1 p=1 1 2 p-t
(239) Vs f(ao)ll < 507 10Zaoll,” +R™= <87 [[0Zal,” +R7=.

e Write
hAdsa = hd7* Ad2a + hAdsa(0, -),

therefore by (2.17)

(2.40) [hAdsallr S sol|0Zally + R.
e We now estimate the term 6;“ (f(a) — f(ag)). Observe that

_\p—1 p—1

f(a) = f(ao) = (a@) = — (aoao) =
= (aa — aotp)((aa)
and
aa — apap = (a — ag)a + (@ — ag)ao.
Then by (ZI3)
0sa

(2.41) 1% (4(a) - fao))lh 5 0sa
Use (230), 231) to write
00 2 = (071 (920) + 93a(0.))

h
92(a — ag) 9s(a — ap)(0, )
oS h h

a — ag

I flallg ™.

(aglagl
then by (ZZ5), (ZT3) and (I5)

a — agp 852((1 - ao)

(2.42) |19sa -

1 < (soll@2ally + Rso) (/|05 1+ R).
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Moreover from (ZI7) we have
2(a —

(2.43) o 2=t~ %)

Therefore inequalities (2:41)), (Z42) and (243) yield

as p p P
7= (F(a) = f(a0)) |1 S sbll02al? + R7.

e Similar arguments are used to show that
a
(2.45) 1705 (£(a) = f(a0)) Il S sgllOFall} + R”.
Inequalities (2333)), (Z34), @38), 239), 40), (Z44) and (245) show that,

if sg > 0 is small enough, there exists R; > R such that F' maps the ball of
radius Ry (in (H, || - [1)) into itself.

1 < soll0Zalls.

(2.44) ||

With analogous arguments, we can show that F' is a contraction in (H, || - [|1)-
Hence by the fixed point theorem, there exists a unique u = (92, 92a) € HxH
which satisfies (2Z.32)).

Let (¢°,a%) € H x ‘H, and consider the couple (954(0,-),d5a(0,-)) € H x H
which solves the system (2.28) at s = 0. Let u be the solution of ([2.32)) with
these initial conditions. Then with the formula (Z31]) we recover the couple
(, a) which is a solution of (Z28]). Moreover, (Z31]) shows that (¢, a) € HXxH.

Let SO € HY and take ¢ = VS?. The function ¢ (with Cauchy condition
©(0,-) = ") is irrotational, as it satisfies the equation

dsp = =2 - Vi —wV f(ao).
Therefore there exists S so that ¢ = V.S and which is solution of
V(8sS + (VS)? +wf(ag)) = 0.
Moreover, it is possible to choose S such that
058 + (VS)? + wf(ag) = 0.

Now the formula
(2.46)

S(s,z) = /S 0sS(0,2)do + S%(z) = — /S (¢ o+ wf(ag))(o,z)do + S°(z),
shows that S?E H. O
Finally, we have shown the existence of a solution (5, a) € H X H of the system
058 + (VS)? + wlagP~* =0,
0sa+2VS - Va+aAS —ihAa + Z.Q}Ta(|a|’”71 — Jao|P™h) =0,
S(0,2) = S°(2) € H°, a(0,2,h) = a’(z,h) € H°.
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With a Gronwall inequality, it is straightforward to check that S is real analytic.
O

REMARK 2.7. — The inequality [|0;1b]|o < Csol|b||1 fails, and that is the rea-
son why we have to differentiate the system ([2.28) with respect to the time
variable, before applying the contraction method.

2.2. The general case of an analytic manifold (M9, g). —

Let (M9, g) an analytic Riemannian manifold of dimension d. We assume
moreover that ¢ is analytic. Let m € M?. Then there exist a neighbourhood
U C M? of m, a neighbourhood V € R? of 0, and an homeomorphism

(2.47) kU — V.
In the chart (U, k) the metric g can be written
9= gx(w)dx;dzy,
1<j,k<d

where G = (g;x) is a positive symmetric matrix and analytic in V.
In these coordinates, we have the explicit formula for the Laplace-Beltrami
operator

1
Ag = Ag(ZE) = mle(\/ detG Gilv . )

__ ¥
vdetG \<Gh<d

where (g7%) = G~1. Every function involved in the former expression is ana-
lytic.
We now make the rescaling (2.1). The function

v(s,z,h) = i u(h®s, hz),

0 o0
_— jk_~
9z, (\/ detG g . ),

satisfies

(2.48)  ihd(s, z) + h2A(h2)v(s, 2) = w|v|P " o(s, 2), (s,2) € R x A~V.
We now adapt the analysis of Section2lto the equation ([Z48]), in A~V instead
of R,

Let » > 0 such that

(2.49) B(0,2r) C V.

Notice that on the set {(|hz| < r) N (JIm z| < 1)}, the coefficients of A, are
uniformly bounded with respect to h, as well as their derivatives.
Here again, we want to find a formal solution of (Z48)) of the form

v(s,z,h) = a(s,z, h>ez‘S(s,Z)/h _ (Z a (s, Z>hj)eiS(s,z)/h_
j=0
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Therefore (S, a) has to satisfy the system
9sS + (V48)? + wlaglP~* =0,

(2.50) 0sa+2VyS-Voga+alAyS—ihAga+ %(Mp_l — lagP™*) =0,
5(0,2) = S°(2), a(0, z,h) = a°(z, h),

with V, = V,(hz), A, = Ay(hz) and where v(0, z, h) = a°(z, h)eiS’@)/h.
For A > 0 small enough, denote by

D ={|s| < so} x {(|hz| <r)N(Im z| < Z)},

and by Hp = Hn(so,l,r, B) the space of the analytic symbols b(s,z,h) =
> 0bi(s,2)h7 (see Definition 21T)) satisfying

(W (2) bj(s,2)| < AB’j! on Dy, Vj > 0.

Define also HY = H(0,1,r, B) the space of the initial conditions.
Let € < 1/B. For 0 < 0 < 1, we endow Hp(so,!,r, B) with the norms

|5|)j+9
- )

#lon =35 s swpsup Wby 2)] (17—

>0 J: o<r<1 |s|<so(l1—7) T~

where I'; = {(|hz| < r7) N (Im 2| < i7)}.

Now it is straightforward to check that the results of Lemma 2.2] Lemma 23]
and Lemma 241 hold when || - ||¢ is replaced with || - ||¢,r, and that the constants
involved in the estimates do not depend on . Notice that the boundedness of
Dy, with respect to the variable |fiz| is dealt with in exaclty the same way as was
done with the boundedness with respect to |Im z|. This yields the following
analog of Proposition

PROPOSITION 2.8. — Let S € H)(l,r, B) be a real analytic function, and let
a’ € Hg(l,r,B) be an analytic symbol. Then there exist s1 > 0 independent
of h, a real analytic function S € Hr(s1,l,r, B), and an analytic symbol a €
Hp(s1,1,7, B), such that v = ae’/" is a formal solution of equation [Z3) with
Cauchy data vy = a° eS°/h,

REMARK 2.9. — Proposition [Z3] is contained in Proposition Z8 In the case
(M?,g) = (R, can), r = +oo0 and Hp(s1,1,7, B) = H(s1,1, B).

We are now able to construct an approximate solution of the problem (2:48).

Let ¢o such that ¢g/h =: n € N. Define

a™(s,2,h) = a;(s, ),

j<n
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and
(251) Uapp(sa Z, h) = a(n) (S, Z, h)eis(saz)/h.

where the a;’s and S are given by Proposition 2.8 The choice of the initial
condition v,pp (0, 2, k) will be made in Section [l

We now show that if ¢y is small enough, v,pp is a good approximation to the

problem (2.3]).

PROPOSITION 2.10. — Let s1 > 0 be given by Proposition 28 If cg < 1,
there exists 61 > 0 such that the function vep, defined by (K1) satisfies

(2.52) ihOsvapp + h2AUGPP = W(Uappvpp)p%lvapp + 6751/}197

With Tapp = Vapp(s,Z) and where g is an analytic function on {|s| < s1} X
{(lnz] < r) 0 (Im z| < 1)} such that for all k € N, there exists Cx > 0
independent of h so that

(2.53) sup  sup [|(1—h*A)2g(s,- +ilm 2)||L2B0,r/n)) < Ck-
|s|<s1 |[Im z|<l/2

Here we have used the convention that B(0,r/h) = R? if r = +oc.
Proof. — Denote by f(b) = (b 5)%, with b = b(s,Z). The function vapp
satisfies the equation

ihOsVapp + 2 AVapp — W f (Vapp )Vapp

= —a™ (9,8 + (VS)? + wf(ag)) e/

(2.54) +ih(3sa(") +9VS-Va™ + a™AS — ihAa(™

(F(al™) = f(ao)) )e'S/™.

For m = n,n + 1 write the expansion in h

iwa(™

pm—1

(f(@™) = f(ag)) = 3" bjmh’.

J=0

iwa(™

(2.55)

By construction the following system is satisfied

p—1

9sS + (VS)? + w(agag) = =0,

2.56 " _
(2:56) 0sa™ +2VS - Val™ +a™MAS — ihAa" D 4+ b b = 0.

§=0
Notice that
(257) bj,n = bj,nJrl for all j S n— 1.

Therefore by (257) and 2.56]), [2.54) rewrites
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p—1

. 2 k-1
ihOsVapp + h”Avapp — W(VappUapp) 2 Vapp

n pn—1
= ih(—ih" T Aan = bingah? + Y bjahl)e/"
j=0 j=0
pn—1
(2.58) = (W2 Aay — ih" by pyr +ih Y bjnh?)eM
Jj=n

We now estimate each term of the r.h.s. of (Z58). By (2.53) we have
Py =iw( > e, — (a0m) 7 ),
it tip=j
with a;, = a;, or a;, = ;.
Now by @I1), |a;, | < B (i)' e”I*I, thus
(259) Al < Bj( ST (i)t Gi)! +j!)e*plzl < Bijle Pl
i1 tip=]
and by the Stirling formula,

() 02 (E5)P",

we deduce from (Z59)

pn—1 pn—1

h > binhd| S (Y BIjthi)e Pl
j=n j=n

< (p—1)n(Bh)"" (pn)l e 7/
cop

5 h_% (BCOp)Te—p|z|,
e
as we have n = ¢g/h. Now choose ¢y < e/(Bp), then there exists § > 0 such

that

pn—1 pn—1
D7 bl S Y7 hlbjah?| S 0o TP,
Jj=n j=n

Similarly, for some § > 0
|hn+1bn,n+1| N e—é/he—|z|,
|hn+2Aan| < efd/hef|z|.
Finally use that the function ¢ : (Re z,Im z) —— e~ IRe#+im 2l gatisfies

sup |[|¢(-, Im 2)|| 2 (B(0,r/n)) S 1.
|Im z| <1
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We have therefore proved the estimate (2Z53)) for k = 0.
To treat the case k > 0, use the Cauchy formula to obtain

2|
)

sup sup  |(1— hQA)k/Qaj} < sup sup aj| < BYjle”

|s|<si |Im z|<l/2 |s]<s1 |Im z|<l
and
sup sup ‘(1 - hQA)k/Qeis/h’ <1,
|s|<s1 |Im z|<l/2
and we can easily adapt the previous computations. O

3. Validity of the Ansatz

PROPOSITION 3.1. — Let vqpp be the function defined by 251). Let v be the
solution of

(3.1) { ihdsv + h*Av = wlv[P~lu,  (s,2) € R

v(0, 2) = vapp(0, 2).
Then there exist so > 0 and d > 0 such that for all k € N
sup  [[(1 = B2A)2(0 — vapy) (5)| L2800, /1)) < Cre™ /",

0<s<s2
with Cy, > 0.
Proof. — Tt is given in [I1], but we reproduce it in the appendix. O

We are now able to define the Ansatz to the equation (L.IJ).

In the case (M9, g) = (R?, can), we consider the function wap, given by (Z51)
and define

(3.2) Uapp (L, 7) = W 0app (™, B ),

where v and « satisfy the relations ([2.2)) and h = k. The initial condition will
be given in the next section.
From Proposition B we deduce

COROLLARY 3.2. — (The case (M?,g) = (R%, can)) Let s3 be given by Propo-
sition [31), let uapp be given by B2), and let u be the solution of

10w+ Au = wluP"lu, (t,z) € R
(0, ) = ugpp(0, ).
Then for all k € N

1w — wappl| Lo (10, s2); 1% (RE)) — O,

when h — 0.
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In the general case of an analytic manifold (M¢9,g), we have to construct an
approximate solution supported in B(0,r) C U.
Let x € Cg°(R), x > 0, such that

1 for [¢| <r/2,
X =

(3:3) 0 for|¢] >

Let 0 < 1 < 1, let vapp be given by (Z5]) and consider
(3.4) tapp (6, 2) = BVX(E ] Yo (B2, 1),

where v and « are given by the relations Z2), and h = h°.
We have

SUPD Uapp C {(t,2) € R+ || < 7R},
which concentrates in x = 0.
Hence if & is small enough, uapp is supported in V, and we can transport this
function to U by the chart x (see ([2.47)).We therefore define the approximate
solution u}! , of (L) by

(3.5) ué\gp = Uapp O K.

In the following we write u%p = Uapp-

Then, as uapp is compactly supported, it can not be analytic. We now consider
all the functions only with real variables.

Up to now, we did not use the rate of decrease of the weight W ! introduced
in ([2Z.11)), but it is needed now because of the truncation. However, because of
the error e=¢/" induced from this cutoff, we obtain the following weaker result

COROLLARY 3.3. — (The general case) Let so be given by Proposition [31], let
Uapp be given by BA), and let u be the solution of

i0pu + Au = wlu|P~tu, (t,r) € R x M,
(0, ) = Uqpp(0, ).
Let k > 0 such that 8+n—x < 1. Then for allk € N

(3.6)

flu— UGPP||L°°([O,h‘1+”sz];Hk(Md)) — 0,

when h — 0.
Proof. — Let k > d/2 an integer, and set

k/2
1Al = 111 = B2CFDAY 2 Fl] 2 a0

With the Leibniz rule and interpolation we check that for all f € H*(M?) and
g € Wk (M)

k/2
B7) Nf glmp S Fazg gl oo aray + 1l z2aen | (1 = B2EFDA) gl oo (g,
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Moreover, as k > d/2, for all fi, fo € H*(MY)
(3.8) 1fr follze S A7 CFORN fll g | foll g

The function w,pp satisfies

. -1 —c/R*T
10tUapp + Attapp = W|Uapp|"™ Uapp + € /

q,
with
lall e < 1.

Let u be the solution of (3.6]) and define w = u — uapp. Then w satisfies
(3.9)
0w + Aw = w(|w + tapp|P (W + Uapp) — |tapp [P tapp) + e g
w(0,z) = 0.

We expand the r.h.s. of ([(3), apply the operator (1 — h2(PFDA) "2 to the

equation, and take the L2- scalar product with (1 — R2(F+DA) */2 . Then we
obtain

d e e/min

(3.10) Flwlay <l ulgd g +e7™

j=1
We now have to estimate the terms ||w’ ugggHHs, for 1 < j < p. From (B7)
we deduce

lw? Wb iz < 1w g kg | e (arey

. k/? o

(3.11) Hllw | 2aray | (1 = B2EFD AV UL o gy

By 38), and as we have

(3812) fJulpdll e arey S BED, | (1=R2EED AV 2 un | o (agy S WP,

thus inequality (BI1)) yields

[|w? ugggHH,ﬁ < h'Y(P*j)h*(ﬂJrl)(jfl)k||w||jl'{k.
h

Therefore, from (FI0) we have

d _ _ _ —e/RITT
gl S PV wll gy + A7 EEDETR |, 4+ eme/M
Observe that Hw(O)HH}i = 0. Now, for times ¢ so that

(3.13) ]l gy S R7HEFDE,

we can remove the nonlinear term in (8I1), and by the Gronwall Lemma,

(3.14) ]l S e /MM
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By @2), a =2+ and y(p — 1) = —2(3 + 1), thus for all 0 < ¢ < soh*TH,
pre=1¢ < 5271—54-&,

and if 84+ n —k < 1, the r.h.s. in (BI4) tends to 0. Then the inequality (B13)
is satisfied for all 0 < t < s5h%T*, and with a continuity argument, we infer
that (B14) holds for 0 < ¢ < soh® ™",

Finally,

o (@)l st (aray S B CHD* [ (t)] g — 0,

for 0 <t < s,h**t* when h — 0, what we wanted to prove.

4. The instability argument

We have now the tools to show our main results.
We consider Cauchy conditions 10 = a%S"/" of [Z3) which do not oscillate,
i.e. such that S° = 0. We have seen in the previous section, that for some
analytic amplitudes a°, the solution writes v = ae®/" and therefore oscillates
immediately with magnitude ~ %
Let y be given by (33) and a® € H(I, B) nontrivial (for instance a®(y) = e=¥").
Now set

(4.1) ug (x) = W x(h™"|k(@)])a’ (R~ K (),

as initial data for (I.TJ).

Then we have the Ansatz 2.51)), (3.4), (3.0)

(4.2) Uapp(t, ) = B x (W "k (x)|)a(h™ ¢, B k() S th T w(@)/h,

With Uapp (0, ) = uf.
For 0 < ¢p < 1 satisfying Proposition 2210} set

h=1 =2
n

with n € N, and this induces the sequences in the statements of our main
results. In particular

supp uf C {(t,z) eRx M? : |k(x)| < "},
and hence we can choose

-1
= —0
Tn |xr|n§%«)f(w |k (x)|g )

in Theorems and [[3l Here we have assumed m = 0, reduction which is
always possible.
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4.1. Proof of Theorem 1.2l —

Let 0 < € < 1 and define

11 1
4. 6n = hPlog — = =h®log —
(4.3) h 0g 5 = zh log g,

which tends to 0 with h. This choice will become clear later. Consider
(4.4) W' = (1+ o)l
and the associate function wapp.

In all this subsection we take

B d
TETh T
This is the right parameter y so that wap, and wapp are normalized in LP+1(M9)
uniformly for A €]0, €[.

LEMMA 4.1. — Let p > (d+ 2)/(d — 2) be an odd integer, and let ug,ﬂah be
defined by [(@I), (£4)). Then

H(uf) S1, H*(@") S 1.
There exist vy > 0 and qo > p+1, such that for all0 < v < vy and p+1 < q < qo
(45) lu§ = @0" e gy, N —00" | Lagaray — 0,
when h — 0.

Proof. — We make the change of variables y = A~ 1x(z), then

_ _ 2
IVug |72 pgay ~ B2 2/ |V (x(h~y)a’ ()| dy

ly|<rh—1tn

-~ h27+d72/‘Va0(y)‘2dy,

as0<n<1.
As2y+d—2=—-2d/(p+1)+d—2 >0 when p > 2d/(d —2) — 1, it follows
that
||VU8||L2(Md) —0 for h—0.
Compute

||U8||}£ﬁ1(Md) ~ h(erl)’Yer/ |a0(y)|p+1dy ~ h(PJrl)’Yer.

By definition (p + 1)y +d = 0, hence [|ufj|| zo+1(pray remains bounded when h
tends to 0, as well as HF (ul).

Similarly, H* (ap") < 1.

By the definition ([@3) of §;, we also have for all ¢ >0

— 1
(4.6) ||U8 o Uoh”?_IG(M,i) ~ h27+d7265}2l ~ h27+d*20+2€ﬂ(10g ?L)Q.
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The terms in (6] tend to 0 if

d
o<7+§+€ﬂ.

But, by 22) and as p > (d+2)/(d — 2),

v+ d >1
2 )
hence we can choose vy = £ in the statement.
The proof of the other part is similar. O

Proof of Theorem [ — The statements (L3, (LE) and (L8) have already
been proved in Lemma (.11
Let 0 < ¢ < 1 which appears in {@3), and set s, = h'=° = B?(1~9) and
tn = h%s;, = hetB0=2) Denote by S = S(h~t;,h 'k(z)) and by b =
x(A~"k(z))a(h~%tn, A~ 1k(z)). Then we have

||(Uapp - %)(th)”LPH(Md) = Fﬂ”beis/h _geis/hHLwl(u)
(4.7) > 1|6 ("5 1) || sy — BY[1b— bl Lot a-

We now estimate the Lh.s. terms of (£1).
First compute

WY (6= B)(A " ty A ROl osraey ~ BP0 = B)(sns o -
From the well-posedness of (2.6), we deduce

(6 = 0)(sn, M Lrs1(n-1v) — 0,
where s, is given by Proposition 311
Hence

(4.8) BN (b = B)(h ™, B 6 ()| oty — 0, b — 0.
Secondly, a Taylor expansion near s = 0 shows that
(4.9) (S — 8)(sn,) ~ —w(p — 1)dpsn (x (B "[y])a’(y))"~

Now observe that

1

5hsh
h
We then deduce from [@3)) that for all |y| <1,

~ logﬁ — 4-o00.

lim sup |ei(§*s)/h) — 1| =2,
h—0

and as h||b(sp, i~ k()| Lo+1 @) ~ 1, we obtain

(4.10) lim sup 17 @S/ _ )|l oy > .
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Thus, according to (48] and (£I0)

(4.11) hr}? S}le ||(“app - “app)(th)||LP+1(Md) > c.

Finally, if we denote by LP+! = LPHL(M9),
[(u = @)(tn)l[ e+ = ([ (wapp — tapp) (tn) [ Lo+r = [1(w = tapp) (tn) || Lo+2

(4.12) —)(@ = tapp) (tn) | o+

If £ > 0 is chosen small enough, we can apply Corollary B3] with k = (1 —¢€)0,
with yields [[(w — wapp)(tn) || Lo+1, [[(@ = Gapp) (th)||Lp+1 — O with h, and thus

from (@I0) and @I2)

o sup (u = 7)(6s) 541 2 T sup | (tapn — i) (0) 1 >
—0 —0

which concludes the proof. O

4.2. Proof of Theorem [1.3l. —

Here we deal with the case (M?, g) = (R?, can).
Let 8§ > 0 and v(p — 1) = —2(8 + 1) as prescribed by ([Z2). Let 0 < 0 <
d/2—-2/(p—1) and

o
<p<o.

-0 T

Consider uapp defined by [@2) and let so > 0 be given by Proposition B.11
Then, according to Corollary B.2], the solution u of () with initial condition
©(0) = uapp(0) satisfies for all k € R

(e = wapp) (tn) [+ (@) — 0, h — 0,

with ¢, = h%sy. To prove that u satisfies (II0) and (III) we only have to
check that

[ttapp(0) | zre (ray — 0 and  ||wapp (tn) 110 (ray — +00.
To begin with,
(4.13) [tapp (0) g (ray ~ A~ F4/2.
Then, use the equations ([2.6) to observe that aV.S(sg,-) # 0. Hence
(4.14) | wapp (tr)|| e (ray ~ Y= (B+Dp+d/2
By ({13) and (£I4)), we only have to show that we can choose 5 > 0 so that

(4.15) y—o+d/2>0,
(4.16) y—(B+1)p+d/2<0.
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Let € > 0 such that

(4.17) o<d/2-2/(p—1)—c¢,
o+e
(4.18) PR L —
o2
and take
(4.19) y=0-—d/2+e.
Therefore by (@I7) and (£I9) we obtain
-1 -1
(4.20) 52—7’77—1:—1’2 (c—d/2+¢e)—1>0.

Moreover, with the choice (£I9)), inequality (I3 is satisfied.
Finally, using the relations (£19) and (£.20), we deduce that (£I0]) is equivalent
to

1
= (y4+d/2) =
p>5+1(v+ /2) = 3=
which is satisfied by ([@IS).

4.3. Proof of Theorem [I.4. —

Assume here that (M?, g) is an analytic riemannian manifold with an analytic
metric g.

Consider the function uapp defined by ([@2) and let so > 0 be given by Propo-
sition 311

Let x > 0 such that 3+ 1 — k < 1. Denote by t;, = h%t*s,, then by Corollary
B3] the solution v of (L) with initial condition u(0) = uapp(0) satisfies for all
EeR

(4.21) ||(u7uapp)(th)||Hk(Md)4’0, h — 0.
o Let
d 4 d 2
4.22 o= S
(4.22) 2" 7o1<°<3 " 5.1
Choose € > 0 so that
d 2
4.2 R
(4.23) o< P £,
and define
y=0—d/2+e¢,
thus ) )
p=-L 1= P o d/2te) -1
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Then by @22) and 23), 0 < § < 1. Choose now 7 > 0 so small that
0 < B8+ n < 1. The convergence ([@2T]) then follows with ¢, = h*ss.
Finally

[tapp (tn) || o (ray ~ BY~FFDPTA/2 oo
for

1 o—+¢€
p> (1 +d/2) = 5

B+1 pld 5 —¢)’

which was to prove.

oAssumeherethat0<a<%—ﬁ. For 3 >0ande >0, take xk = 3 —1+2¢

and n =¢, so that 5 +7n—x =1—¢ < 1. Then (£2I) holds and
(4.24)

||Uapp(0)||HU(]Rd) ~
Define v = 0 — d/2 + ¢, then

—1 —1
5:73—q71:73?4afw2+@—1>m

h'yfa+d/2 (ﬂJrlfli)erd/Q.

and [ty (t0) e oy ~ H7

and

”uapp(O)HHU(Rd) — 0 when h—0.
The second term in ([{24]) tends to +oco when
v+d/2 o+e
B+1l—-r 2(1—e)

which concludes the proof, as € > 0 is arbitrary.

p>—

A
Appendix

Here we reproduce a part of the work of P. Gérard [11].

PROPOSITION A.1. — Let r > 0 be given by (Z49). Let vqpp be the function
defined by 251, and let v be the solution of

ihdsv + h?Av = w|v|P~ v,  (s,2) € RMTY,
v(0, 2) = vapp(0, 2).

Then there exist s5 > 0, A\ > 0 and d2 > 0 such that v can be extended to a

continuous function on [0, s3], holomorphic-valued on {(|hz| < r) N (|Im z| <

/\)}, and so that for all k € N

(A1)

sup  sup  [[(1 = B*A)2 (v = vapp) (s, + im2)|| 28 (0,r/my) < Cre” /",
|s|<s2 [Imz|<A

with Cy > 0.
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Proof. — Let

. 2 _ \p—1
Ty = —thOsVapp — h* Avapp + W(VappTapp) 2 Vapp-

Then fi; = v — vapp satisfies
(A2) ’ihasf1+h2Afl:F(S,Z,fl,h)+7"h,

where F stands for
p+1 p—1 p—1

F(s,z, fa,h) = W((Uapp =+ fz)T(erﬁ) 2 = (vapp%)Tvapp)’

with f(s,2) = f(3,2).

We now show, that for s3 > 0 and A > 0 small enough, there exists a solution
f1 of (A2) such that f(s,z) is continuous on [0, s3], holomorphic-valued on
|Im z| < A, and exponentially decreasing in h: There exists 6 > 0 so that for
all ke N

sup  sup ||(1— R2A)2fi(s, - +ilm2)| no(so,ny) < Cre /M
0<s<sz |Imz|<A

This will be done thanks to a fixed point argument.
For 0 < A <l and k > d/2, set
1f1In = WS (1 = R* A2 £ (- + ilm 2)| 2280, /1))
m z|<

Let s; > 0 be given by Proposition 2.8 Let also § > 0 and sy € [0,s1]. If
f = f(s,2) is continuous on [0, s1] and analytic on [Im z| < A we set
Nu(fys2) = sup 772 £(s)]|n.
0<s<s2
By the Sobolev embeddings, we have
sup sup |f(s,2)| £ Na(f. s2)e” 7.
s<s2 |Im z|<A

By Proposition 210 we can choose § > 0, A > 0 and K > 0 so that
(A.3)

1 /100)||n < Ke_%, Np(rp,s1) < K, and sup sup |vapp(s,2)| < K.
5<s1 |Im z|<A

Now use that

(A.4) 1F glln S B7EIflnllgln,  sup [1£()lln < ™% Nu(f, 5),

s<so

to deduce that for all L > 0, there exists C;, > 0 and hy, > 0 so that if h < hp,
and Ny (f,s2) < L, the following estimates hold

(A.5) 1E (s, f(s), ) lln < CLllf(s)lln,

and

(A.6) [E (s, f1(s), h) = F(s,-, fa(s), h)[ln < CLl[f1(s) = fa(s)l[n-
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Let L > 0 to be chosen and h < hy. For f such that Nj(f,s2) < L, let w be
the solution of

(A7) {ih@tw+h2Aw:F(s,z,f,h)—l—rh,

w(0) = f1(0).
The usual L2-estimates for the Schrodinger equation and (A4) yield

1 S
(A-8) lw(s)lln < [1f1(0)[|n + E/o (CLllfF @+ lIra()]ln)dr.
Now use the exponential decrease of the norms || - ||, to obtain

L [® 2s s
F [ 1lhar < 22,7, e
0 g

Then, with (A3), we deduce from (A8

2s 2s
(A.9) Np(w,s2) < K(1+ 72) + ?QCLNh(f, $2)-
Now fix L > 4K and sy < min(s1,£/2,6/(4CL)), by (AQ) we obtain
Nh (’LU, 82) S L.
We have proved that the application f — w, induced by the equation (A7),
maps the ball {f, Np(f,s2) < L} into itself. Finally use (A.f) to show that
this application is a contraction. Hence (A.2)) admits a unique solution fi,
which satisfies the estimate (A). O
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